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^ ■ Abstract 

We present a study of the trilinear gauge interactions in extensions of the Standard 

^ ■ Model (SM) with several anomalous extra C/(l)'s, identified in various constructions, from 

^! ■ special vacua of string theory to large extra dimensions. In these models an axion and 

Tij" ■ generalized Chern-Simons interactions for anomalies cancellation are present. We derive 
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generalized Ward identities for these vertices and discuss their structure in the Stiickelberg 
and Higgs-Stiickelberg phases. We give their explicit expressions in all the relevant cases, 



tlT' ■ which can be used for phenomenological studies of these models at the LHC. 
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1 Introduction 

Models of intersecting branes (see [1] for an overview) have been under an intense theoretical 
scrutiny in the last several years. The motivations for studying this class of theories are mani- 
folds, being them obtained from special vacua of string theory, for instance from the orientifold 
construction [21 [31 ll|. Their generic gauge structure is of the form SU{3) x SU{2) x U{1)y x 
U{iy, where the symmetry of the Standard Model (SM) is enlarged with a certain number of 
extra abelian factors (p) . Several phenomenological studies [3 [6l [7], [H [9], [10] have allowed to 
characterize their general structure, whose string origin has been analyzed at an increasing level 
of detail [TH |T2] down to more direct issues, connected with their realization as viable theories 
beyond the SM. Related studies of the Stiickelberg field [13] in a non-anomalous context have 
clarified this mechanism of mass generation and analyzed some of its implications at colliders 
both in the SM and in its supersymmetric extensions. 

In scenarios with extra dimensions where the interplay between anomaly cancellations in the 
bulk and on the boundary branes is critical for their consistency, very similar models could be 
obtained following the construction of [H], with a suitable generalization in order to generate 
at low energy a non abelian gauge structure. 

Specifically, the role played by the extra f/(l)'s at low energy in theories of this type after 
electroweak symmetry breaking has been addressed in [SI [Z], where some of the quantum 
features of their effective action have been clarified. These, for instance, concern the phases 
of these models, from their defining phase, the Stiickelberg phase, being the anomalous f/(l) 
broken at low energy but with a gauge symmetry restored by shifting (Stiickelberg) axions, 
down to the electroweak phase - or Higgs-Stiickelberg phase, (HS) - where the vev's of the 
Higgs of the SM combine with the Stiickelberg axions to produce a physical axion [5J and a 
certain number of goldstone modes. The axion in the low energy effective action is interesting 
both for collider physics and for cosmology [8], working as a modified Peccei-Quinn (PQ) axion. 
In this respect some interesting proposals to explain an anomaly in gamma ray propagation as 
seen by MAGIC [15] using a pseudoscalar (axion-like) has been presented recently, while more 
experimental searches of effects of this type are planned for the future by several collaborations 
using Cerenkov telescopes (see [15] for more details and references). Other interesting revisita- 
tions of the traditional Weinberg-Wilczek axion [16] to evade the astrophysical constraints and 
in the context of Grand Unification/mirror worlds [1^ may well deserve attention in the future 
and be analyzed within the framework that we outline below. At the same time, comparisons 
between anomalous and non anomalous string constructions of models with extra Z's should 
also be part of this analysis p^ . 



The presence of axion-like particles in effective theories is, in general, connected to an 
anomalous gauge structure, but for reasons which may be rather different and completely 
unrelated, as discussed in pj. For the rest, though, the study of the perturbative expansion 
in theories of this type is rather general and shows some interesting features that deserve a 
careful analysis. In [SI Ej several steps in the analysis of the perturbative expansion have been 
performed. In particular it has been shown how to organize the loop expansion in a gauge- 
invariant way in 1/Mi, where Mi is the Stiickelberg mass. A way to address this point is to 
use a typical R^ gauge and follow the pattern of cancellation of the gauge parameter in order 
to characterize it. This has been done up to 3-loop level in a simple U{1) x U{1) model where 
one of the two f/(l)'s is anomalous. 

The Stiickelberg symmetry is responsible for rendering the anomalous gauge bosons massive 
(with a mass Mi) before electroweak symmetry breaking. A second scale M controls the 
interaction of the axions with the gauge fields but is related to the first by a condition of gauge 
invariance in the effective action [Sj. In general, for a theory with several f/(l)'s, there is an 
independent mass scale for each Stiickelberg field. 

In the case of a complete extension of the SM incorporating anomalous [/(l)'s, all the neutral 
current sectors, except for the photon current, acquire an anomalous contribution that modifies 
the trilinear (chiral) gauge interactions. For the Z gauge boson this anomalous component 
decouples as Mi gets large, though it remains unspecified. For instance, in theories containing 
extra dimensions it could even be of the order of 10 TeV's or so, in general being of the 
order of 1/R, where R is the radius of compactification. In other constructions [1] based on 
toroidal compactifications with branes wrapping around the extra dimensions, their masses 
and couplings are expressed in terms of a string scale Mg and of the integers characterizing the 
wrappings [9] . Beside the presence of the extra neutral currents, which are common to all the 
models with extra abelian gauge structures, here, in addition, the presence of chiral anomalies 
leaves some of the trilinear interactions to contribute even in the massless fermion (chiral) limit, 
a feature which is completely absent in the SM, since in the chiral limit these vertices vanish. 

As we are going to see, the analysis of these vertices is quite dehcate, since their behaviour is 
essentially controlled by the mass differences within a given fermion generation [7j , and for this 
reason they are sensitive both to spontaneous and to chiral symmetry breaking. The combined 
role played by these sources of breaking is not unexpected, since any pseudoscalar induced in an 
anomalous theory feels both the structure of the QCD vacuum and of the electroweak sector, as 
in the case of the Peccei-Quinn (PQ) axion. In this work we are going to proceed with a general 
analysis of these vertices, extending the discussion in [7] . Our analysis here is performed at a 
field theory level, leaving the phenomenological discussion to a companion work. Our analysis 



is organized as follows. 

After a brief summary on the structure of the effective action, which has been included 
to make our treatment self-contained, we analyze the Slavnov- Taylor identities of the theory, 
focusing our attention on the trilinear gauge boson vertices. Then we characterize the structure 
of the 2^77 and ZZ^ vertices away from the chiral limit, extending the discussion presented 
in [7] . In particular we clarify when the CS terms can be absorbed by a re-distribution of the 
anomaly before moving away from the chiral limit. In models containing several anomalous 
f/(l)'s different theories are identified by the different partial anomalies associated to the trilin- 
ear gauge interactions involving at least three extra Z's. In this case the CS terms are genuine 
components which are specific for a given model and are accompanied by a specific set of axion 
counterterms. Symmetric distributions of the partial anomalies are sufficient to exclude all the 
CS terms, but these particular assignments may not be general enough. 

Away from the chiral limit, we show how the mass dependence of the vertices is affected 
by the external Ward identity, which is a generic feature of anomalous interactions for nonzero 
fermion masses. This point is worked out using chiral projectors and counting the mass inser- 
tions into each vertex. On the basis of this study we are able to formulate general and simple 
rules which allow to handle quite straightforwardly all the vertices of the theory. We conclude 
with some phenomenological comments concerning the possibility of future studies of these 
theories at the LHC. In an appendix we present the Faddeev-Popov lagrangean of the model, 
which has not been given before, and that can be useful for further studies of these theories. 

1.1 Construction of the effective action 

The construction of the effective action, from the field theory point of view, proceeds as follows 

One introduces a set of counterterms in the form of CS and WZ operators and requires 
that the effective action is gauge invariant at 1-loop. Each anomalous f/(l) is accompanied 
by an axion, and every gauge variation of the anomalous gauge field can be cancelled by 
the corresponding WZ term. The remaining anomalous gauge variations are cancelled by CS 
counterterms. A list of typical vertices and counterterms is shown in Fig. [TJ 

We consider the simplest anomalous extension of the SM with a gauge structure of the 
form 5'f/(3) x SUi^) x f/(l)y x f/(l)B model with a single anomalous f/(l)_B. The anomalous 
contributions are those involving the B gauge boson and involve the trilinear (triangle) vertices 
BBB, BYY, BBY, BWW and BGG, where W's and the G's are the SU{2) and SU{3) gauge 
bosons respectively. All the remaining trilinear interactions mediated by fermions are anomaly- 
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Figure 1: Counterterms allowed in the low energy effective action in the chiral limit: anomalous 
contributions (A), CS interaction (B), WZ term (C) and B — b mixing contribution (D). In 
particular the bilinear mixing of the axions with the gauge fields is vanishing only for on-shell 
vertices and is removed in the R^ gauge in the WZ case. A discussion of this term and its role 
in the GS mechanism can be found in [20l. 



free and therefore vanish in the massless limit. Therefore the axion (b) associated to B appears 
in abelian counterterms of the form bFs A Fb, bFs A Fy-, bFy A Fy and in the analogous non- 
abelian ones bTrW AW and bTrGAG. In the absence of a kinetic term for the axion b, its role is 
unclear: it allows to "cancel" the anomaly but can be gauged away. As emphasized by Preskill 
[in], the role of the WZ term is, at this stage, just to allow a consistent power counting in the 
perturbative expansion, hinting that an anomalous theory is non-renormalizable, but, for the 
rest, unitary below a certain scale. Theories of this type are in fact characterized by a unitarity 
bound since local a counterterm is not sufficient to erase the bad high energy behaviour of the 
anomaly [20] . Although the structure of the vertices constructed in this work is identified using 
the WZ effective action at the lowest order (using only the axion counterterm), their extension 
to the Green-Schwarz case is straightforward. In this second case the vertices here defined need 
to be modified with the addition of extra massless poles on the external gauge lines. 

The b field remains unphysical even in the presence of a Stiickelberg mass term for the B 
field, ~ {db — MBY since the gauge freedom remains and it is then natural to interpret 6 as a 
Nambu-Goldstone mode. In a physical gauge it can be set to vanish. 

Things change drastically when the B field mixes with the other scalars of the Higgs sector of 
the theory. In this case a linear combination of b and the remaining CP-odd phases (goldstones) 
of the Higgs doublets becomes physical and is called the axi-Higgs. This happens only in 
specific potentials characterized also by a global U{1)pq symmetry (Vpg) [5] which are, however, 
sufficiently general. In the absence of Higgs-axion mixing the CP odd goldstone modes of 
the broken theory, after electroweak symmetry breaking, are just linear combinations of the 
Stiickelberg and of the goldstone mode of the Higgs potential and no physical axion appears in 
the spectrum. For potentials that allow a physical axion, even in the massless case, the axion 
mass can be lifted by the QCD vacuum due to instanton effects exactly as for the Peccei-Quinn 



axion, but now the spectrum allows an axion-like particle. 

1.2 Anomaly cancellation in the interaction eigenstate basis, CS 
terms and regularizations 

The anomalies of the model are cancelled in the interaction eigenstate basis of {b,AY,B,W) 
and the CS and WZ terms are fixed at this stage. The B field is massive and mixes with the 
axion, but the gauge symmetry is still intact. The Ward identities of the theory for the triangle 
diagrams assume a nontrivial form due to the Bdb mixing. In the case of on-shell trilinear 
vertices one can show that these mixing terms vanish. 

The CS counterterms are necessary in order to cancel the gauge variations of the Y, W 
and G gauge bosons in anomalous diagrams involving the interaction with B. These are the 
diagrams mentioned before. The role of these terms is to render vector-like at 1-loop all the 
currents which become anomalous in the interaction with the B gauge boson. For instance, in 
a triangle such as YBB, the AyB A Fb CS term effectively "moves" the chiral projector from 
the Y vertex to the B vertex symmetrically on the two B's, assigning the anomalies to the B 
vertices. These will then be cancelled by the axion b via a suitable WZ term {bFB A Fy)- 

The effective action has the structure given by 

S = Sq + San + <SwZ + <ScS (1) 

where So is the classical action. It is a canonical gauge theory with dimension-4 operators 
whose explicit structure can be found in |7]. In Eq. ([1]) the anomalous contributions coming 
from the 1-loop triangle diagrams involving abelian and non-abelian gauge interactions are 
summarized by the expression 

San = ^{TbwwBWW) + ^{TbggBGG) + ^{TbbbBBB) 

+^{TbyyBYY) + ^{TybbYBB), (2) 

where the symbols () denote integration [B]. In the same notations the Wess Zumino (WZ) 
counterterms are given by 

SWZ = ^{bFBAFB) + ^{bFyAFy) + ^{bFyAFB) 

+ ^{bTr[F^ A F^]) + ^{bTr[F^ A F^]), (3) 



and the gauge dependent CS abelian and non abelian counterterms [12] needed to cancel the 
mixed anomahes involving a B line with any other gauge interaction of the SM take the form 



Explicitly 



Scs = +di{BYAFY) + d2{YBAFB) 
{TbwwBWW) = jdxdydzT^^^^^{z,x,y)B\z)Wt{x)W;'{y) 



and so on. 

The non-abelian CS forms are given by 

1 
6 
1 
6 



y^SU{2) 



(^SU{3) 



W; (^F^^, + lg, e'^'WiW^^ + cyclic 



1 
3 



Gl(F^^,^ + {g,r'^GlG^^]+cycUc 



In our conventions, the field strengths are defined as 



a, fiu 






dpiGl - d^C^^ - g^fabcG^Gl — F^^^^ - g^fabcG^G'^, 



whose variations under non-abelian gauge transformations are 

1 



5su{z)C^J!p^^ 



d,0' {FZp) + cycUc 



dJ" {Kup) + cyclic 



,up 



(4) 



(5) 



(6) 

(7) 



(9) 

(10) 
fll) 



where F denotes the "abelian" part of the non-abelian field strength. 

Coming to the formal definition of the effective action, interpreted as the generator of the 
1-particle irreducible diagrams with external classical fields, this is defined, as usual, as a linear 
combination of correlation functions with an arbitrary number of external lines of the form 
Ay, B, W, G, that we will denote conventionally as W{Y, B, W). It is given by 



W[Y,B,W,G] 



oo oo 
ni=l n2=l 



^711+712 

ni\n2\ 



dxi...dXn,dyi...dyn^T^'-^"^f''-''"^{xi...Xn„yi...yr, 

B^'{Xi)...B^"^{Xn,)AY^,{yi)-AYp^Ayn,) + ... 



where we have explicitly written only its abelian part and the ellipsis refer to the additional 
non abelian or mixed (abelian/non-abelian) contributions. We will be using the invariance of 
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the effective action under re-parameterizations of tlie external fields to obtain information on 
the trilinear vertices of the theory away from the chiral limit. Before coming to that point, 
however, we show how to fix the structure of the counterterms exploiting its BRST symmetry. 
This will allow to derive simple STI's for the action involving the anomalous vertices. 

2 BRST conditions in the Stiickelberg and HS phases 

We show in this section how to fix the counterterms of the effective action by imposing directly 
the STI's on its anomalous vertices in the two broken phases of the theory, thereby removing 
the Higgs-axion mixing of the low energy effective theory. As we have already mentioned, the 
lagrangean of the Stiickelberg phase contains a couphng of the Stiickelberg field to the gauge 
field which is typical of a goldstone mode. In [6l [7] this mixing has been removed and the 
WZ counterterms have been computed in a particular gauge, which is a typical R^ gauge with 
,^ = 1. Here we start by showing that this way of fixing the counterterms is equivalent to require 
that the trilinear interactions of the theory in the Stiickelberg phase satisfy a generalized Ward 
identity (STI). 

After electroweak symmetry breaking, in general one would be needing a second gauge 
choice, since the new breaking would again re-introduce bilinear derivative couplings of the new 
goldstones to the gauge fields. So the question to ask is if the STI's of the first phase, which fix 
completely the counterterms of the theory and remove the b-B mixing, are compatible with the 
STI's of the second phase, when we remove the coupling of the gauge bosons to their goldstones. 
The reason for asking these questions is obvious: it is convenient to fix the counterterms once 
and for all in the effective lagrangeans and this can be more easily done in the Stiickelberg 
phase or in the HS phase depending on whether we need the effective action either expressed 
in terms of interactions or of mass eigenstates respectively. In both cases we need generalized 
Ward identities which are local. The presence of bilinear mixings on the external lines of the 
3-point functions would render the analysis of these interactions more complex and essentially 
non-local. 

This point is also essential in our identification of the effective vertices of the physical gauge 
bosons since, as we will discuss below, the definition of these vertices is entirely based on the 
possibility of parameterizing the anomalous effective action, at the same time, in the interaction 
base and in the mass eigenstate basis. We need these mixing terms to disappear in both cases. 
This happens, as we are going to show, if both in the Stiickeberg phase and in the HS phase we 
perform a gauge choice of R^ type (we will choose ^ = 1). These technical points are easier to 
analyze in a simple abelian model, following the lines of |6|. In this model the B is a vector-axial 



vector (V — A) anomalous gauge boson and A is vector-like and anomaly- free. 

We will show that in this model we can fix the counterterms in the first phase, having 
removed the b-B mixing and then proceed to determine the effective action in the HS phase, 
with its STI's which continue to be valid also in this phase. 

Let's illustrate this point in some detail. We recall that for an ordinary (non abelian) gauge 
theory in the exact (non-broken) phase the derivation of the conditions of BRST invariance 
follow from the well known BRST variations in the R^ gauge 



SbrstAI, ^ sAl = uVfc, (12) 

Sbrstc'' = sc'' = -]^ujgr'''c,c, (13) 

Sbrstc'' = s-c'^ = jd,A^\ (14) 

These involve the nonabelian gauge field A" the ghost (c") and antighost {(f) fields, with uo 
being a Grassmann parameter. We will be interested in trilinear correlators whose STI's are 
arrested at 1-loop level and which involve anomalous diagrams. For instance we could use the 
invariance of a specific correlator {cAA ) under a BRST transformation in order to obtain the 
generalized WI's for trilinear gauge interactions 

s{Q\Te{x)Al{y)A%zm=Q. (15) 

These are obtained from the relations (iMl) rather straightforwardly 



s{Q\Tc\x)Al{y)A'^^{z)\Q) = (0|r (sc"(x))A^(y)A^(z)|0) + 

+ {0\Tc%x){sAl{y))A;{z)\0) + {0\T c^{x)Al{y){sA;{z))\0) = 0. 

In fact, by using Eqs. ( IT2l) and (HM we obtain 

s{0\T-c'^ix)Aliy)A;{zm = -^{0\Tu;d,A'^^Al{y)A;izm + 

+ {0\Tc%x)u;V':!ci{y)A';{z)\0) + {0\Tc%x)Al{y)uV'rcm{zm=0. 



(16) 



(17) 



Choosing ^ = 1 we get 

d 



Q^,mA^^{x)Al{y)A';^{z)\0) 









= 



Figure 2: Graphical representation of Eq. flT9|) at any perturbative order 



+ 



Tc"(a;)r9. - gnA,aiy)]ciiy)A:iz)\0) 



+ {0\Tc^{x)Al{y)[6^"^d,~gn^Apr{z)]cUz)\0) = 0. 



The two fields Aiyd{y)ci{y) e Apr{z)cm{z) on the same spacetime point do not contribute on-shell 
and integrating by parts on the second and third term we obtain 

^{0\TA^'^Al{y)A;{z)\(}) - ^{0\T-c^{x)c\y)A;{z)\(}) - A(o|Tc'^(x)4(y)c^(z)|0) = 0, 

(19) 

which is described diagrammatically in Fig. [2l Let's now focus our attention on the A-B model 
of [6] where we have an anomalous generator Yb- This model describes quite well many of the 
properties of the abelian sector of the general model discussed in [7] with a single anomalous 
f/(l). It is an ordinary gauge theory of the form U{1)a x U{1)b with B made massive at tree 
level by the Stiickelberg term 



Cst = -{d,b + M^B^) 



(20) 



This term introduces a mixing MiB^d^h which signals the presence of a broken phase in the 
theory. Introducing the gauge fixing lagrangean 

1 



L 



gf 



2^B 



(J^'bIb,])' 



(21) 



J^i[B^] = d,B>^-^BM,b, 

we obtain the partial contributions (mass term plus gauge fixing term) to the total action 

1 



Cst + C 



gf 



{d,by + MlB^B>^ - {d.B^f - iBMlb^ 
10 



(22) 



(23) 



and the corresponding Faddeev-Popov lagrangean 



Lfp = cb -jj— Cb = Cb 
oBb 



9,-77r-^BM,i- CB, (24) 



69 B OUB 

with Cb and cb are the anticommuting ghost/antighosts fields. It can be written as 

Cfp = Cb (□ + ^bM^) Cb, (25) 

having used the shift of the axion under a gauge transformation 

6b = -Mi9. (26) 

In the following we will choose ^^ = 1- The anomalous sector is described by 

San = '^1+53 

S\ = j dxdydz {^^T^^{x,y,z)Bx{z)Af,{x)Ay{y)\ 

Sz = dxdydz(^T^^j^j^{x,y,z)Bx{z)B^{x)B^{y)], 

(27) 

where we have collected all the anomalous diagrams of the form (AVV and AAA) and whose 
gauge variations are 

^6B[TA^rvBAA] = l^as{(3)^[FA A FaOb] 

1^6b[TaaaBBB] = I^^(FbAFb^b), (28) 

having left open the choice over the parameterization of the loop momentum, denoted by the 
presence of the arbitrary parameter f3 with 



-(^)-i^ + 2^'« "'-T-g^- P^' 



while 



^A [TAv^rBAA] = ^a,{f3)'^ [Fb A F^e^] • (30) 

We have the following equations for the anomalous variations 

6BCa^ = '^asmlF^AFAOB + '^^lFBAFBeB 

6ACan = '-^a,{P)-^FBAFAeA, (31) 

11 



while £b^c, the axionic contributions (Wess-Zumino terms) needed to restore the gauge 
symmetry violated at 1-loop level, are given by 

The gauge invariance on A requires that (3 = —1/2 = (3q and is equivalent to a vector current 
conservation (CVC) condition. By imposing gauge invariance under B gauge transformations, 
on the other hand, we obtain 

6b (Cb + Can) = (33) 

which implies that 

_ tgsgl l M _igll M 

^AA-^|-4«3(/3o)^, ^BB-^-^<^nJ^^. (34) 

This procedure, as we are going to show, is equivalent to the imposition of the STI on the 
corresponding anomalous vertices of the effective action. In fact the counterterms Caa and 
Cbb can be determined formally from a BRST analysis. 
In fact, the BRST variations of the model are defined as 



6 BRST B^ = 


= ujO^Cb 


6 BRST b = 


= —ujMiCb 


6 BRST A^l = 


= U d^CA 


Sbrst Cb = 


= 


6 BRST Cb = 


- . ^B- 

Kb 



^{d,B^-iBM^h). 
Kb 



(35) 



To derive constraints on the 3-linear interactions involving 2 abelian (vector-like) and one 
vector-axial vector gauge field, that we will encounter in our analysis below, we require the 
BRST invariance of a specific correlator such as 

5brst {Q\TcB{z)A^{x)A,{y)\Q) = 0, (36) 

(Fig. [3] shows the difference between the non-amputated and the amputated correlators) and 
applying the BRST operator we obtain 

!f{Q\T[d^B''{z)-^BM^h{z)]A^{x)A,{ym + {Q\TcB{z)ujd^CA{x)A,{ym 
Kb 

+ (0|Tcb(z)A^(x)^<9,ca(2/)|0) = 0, (37) 
12 
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Figure 3: Relation between a correlator with non amputated external lines (left) used in a STl 
and an amputated one (right) used in the effective action for a triangle vertex and for a CS 
term. 
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Figure 4: Representation in terms of Feynman diagrams in momentum space of the Slavnov- 
Taylor identity obtained in the Stiickelberg phase for the anomalous triangle BAA. Here we 
deal with correlators with non-amputated external lines. A CS term has been absorbed to 
ensure the conserved vector current (CVC) conditions on the A lines. 



with the last two terms being trivially zero. Choosing ^^ = 1 we obtain the STI (see Fig. Hj) 
involving only the WZ term and the anomalous triangle diagram BAA. This reads 

d 



dz^ 



{<d\TB\z)A^{x)A,{ym - MMTh{z)A^{x)AM\^) = 0- 



A similar STI holds for the BBB vertex and its counterterm 



d 

dz^ 



{Q\TB\z)B^{x)BM\^) - MMTh{z)B^{x)B,{y)\Q) = 0. 



(38) 



(39) 



These two equations can be rendered explicit. For instance, to extract from (1381) the corre- 
sponding expression in momentum space and the constraint on Caa-, we work at the lowest 
order in the perturbative expansion obtaining 

1 d 



2\dz^ 



{Q\T B\z)A^{x)A,{y) [J^B] [J A]' |0) - M^iS)\Th{z)A,{x)A,{y) [BFa A Fa] |0) = 0, 



(40) 
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where we have introduced the notation [ ] to denote the spacetime integration of the vector (J) 
and axial current (J5) to their corresponding gauge fields 



Mb 



(41) 
(42) 
(43) 



where Mb is the mass of the B gauge boson in the Higgs-Stiickelberg phase that we will analyze 
in the next sections. 

In momentum space the STI represented in Fig. H] becomes {E,b = 1) 



1 

^2 



2 Ml 



ik 



A' 



F-MfJ [ kl 



Wv 



1,2 



[-QBgl] A'^''{h,k, 



k^-Ml_ 



■ kj 



Wv 



^2 J 



1^7(^1, fc2) = o, 



(44) 



where the factor ^ comes from the presence in the effective action of a diagram with 2 identical 
external lines, in this case two A gauge bosons, and the factor 2, present in both terms, comes 
from the possible contractions with the external fields. Using in (jHj) the corresponding anomaly 
equation 



k^^^^^{k,M) = aM)e'"'''^k,^k2p 
and the expression of the vertex V^^ {ki, ^2) 



v^^'^k.M) 



AC 



AA 



M 



^-^"'-"k.^k^f, 



(45) 



(46) 



we obtain 



i 




[ kl \ 




[ kl\ 




_k^-Mf_ 



AC 



igBg\a^{(^o)e>''"'''ki^k2p -2M,—^e^''''''ki^k2f3 



M 



0, 



from which we get 



igBglaM)=2M^ 



AC 



AA 



M 



CAA-^^^a,{f3o)—. 



(47) 



(4J 



This condition determines Caa at the same value as before in (!36|) . using the constraints of 
gauge invariance, having brought the anomaly on the B vertex (/3o = —1/2). 
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Figure 5: Diagrammatic representation of (15 ip in the Stiickelberg phase, determining the 
counterterm Cbb- 



In the case of the second STI given in (139|) . expanding this equation at the lowest relevant 
order we get 

1 d 



3! 92^ 



\T B\z)B^{x)BM [hSr |0) - MMTKz)B^{x)B,{y) [bPs A Fb] |0) = 0. (49) 



Also in this case, setting ^^ = 1, we re-express ( 149|) as 



3! 



- 2Mi 



ik 



X' 



WW 



Wt^i^' 






A;2 - Ml 



ki-Mi\ 



Wu 



hi - Ml 



kl-Ml\ 



[-^1] /\^>^'{k,,k,) 



(50) 



kl-Ml_ 

where, similarly to BAA, the factor ^ comes from the 3 identical gauge B bosons on the external 
lines, the coefficient 3! in the first term counts all the contractions between the vertex A^^*^ and 
the propagators of the B gauge bosons, while the coefficient 2 comes from the contractions of 
Vl^^ with the external lines. From Eq. flSUl) we get 



_P - Ml 



Wtit,' 



kf-Ml 



Wv 



ki-Ml\ 



iglkx^^^''{h,k2)-2MiV^''{k^,k2) =0, (51) 



as depicted in Fig. [5l 

The anomaly equation for BBB distributes the total anomaly a„ equally among the three 
B vertices, therefore 

a,. 



kx^^^'ihM) = ^e^^'"'^ki^k2p, 



and for the V^'^(/ci, /C2) vertex we have 

v^\k,M) 

Inserting (!52|) . (!53l) into (!5T!) we obtain 

Q (1,„ 4G R R 



AC 



BB 



M 



e'-"'^k,^k23. 



C 



BB 



ig%l an M 
2 4 3 Mi^ 



(52) 



(53) 



(54) 
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in agreement with fl36p . Therefore we have shown that if we gauge-fix the effective lagrangean 
in the Stuckelberg phase to remove the b-B mixing and fix the CS counterterms so that the 
anomalous variations of the trihnear vertices are absent, we are actually imposing generalized 
Ward identities or STI's on the effective action. On this gauge-fixed axion the b-B mixing is 
completely absent also off-shell and the structure of the trilinear vertices is rather simple. We 
need to check that these STI's are compatible with those obtained after electroweak symmetry 
breaking, so that the mixing is absent off-shell also in the physical basis. 

2.1 The Higgs-Stiickelberg phase (HS) 

Now consider the same effective action of the previous model after electroweak symmetry break- 
ing. If we interpret the gauge-fixed action derived above as a completely determined theory 
where the counterterms have been found by the procedure that we have just illustrated, once 
we expand the fields around the Higgs vacuum we encounter a new mixing of the goldstones 
with the gauge fields. Due to Higgs-axion mixing |6] the goldstones of this theory are extracted 
by a suitable rotation that allows to separate physical from unphysical degrees of freedom. In 
fact the Stiickelberg is decomposed into a physical axi-Higgs and a genuine goldstone. It is then 
natural to ask whether we could have just worked out the lagrangean directly in this phase by 
keeping the coefficients in front of the counterterms of the theory free, and had them fixed by 
imposing directly generalized WI's in this phase, bypassing completely the first construction. 
As we are now going to show in this model the counterterms are determined consistently also 
in this case at the same values given before. 

Let's see how this happens. In this phase the mixing that needs to be eliminated is of the 
form B^O^Gbi where Gb is the goldstone of the HS phase. In this case we use the gauge- fixing 
lagrangean 

^9f = -T^i^E? = -7^ id,B^ - iBMsG^) , (55) 

and the BRST transformation of the antighost field cb is given by 



5brst cb = — ^f = — (5^5^ - ^bMbGb) . (56) 

4b 4b 



Also in this case we use the 3-point function in Eq. (I5B]) and ^^ = 1 to obtain the STI 

^ ■^\TB\z)A^{x)A,iy)\0) - Mb{0\T GBiz)A^{x)A,{y)\0) = 0. (57) 



dz^ 
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Figure 6: Diagrammatic representation of Eq. (158|) in the HS phase, determining the countert- 
erm Caa- A CS term has been absorbed by the CVC conditions on the A gauge bosons. 



To get insight into this equation we expand perturbatively (j571) and obtain 

^ ^ (^\T B\z)A,{x)My) [J,B] [JAf |0) 
-Mb {0\TGB{z)A^{x)A,{y) [GbFa A Fa] |0) 



-MB{0\TGB{z)A^{x)A,{y) 



Jr^Gi 



[JAf |0) = 0, 



(5J 



where the first term is the usual triangle diagram with the BAA gauge bosons on the external 
lines, the second is a WZ vertex with Gb on the exernal line and the third term, which is absent 
in the Stiickelberg phase, is a triangle diagram involving the Gb gauge boson that couples to 
the fermions by a Yukawa coupling (see Fig. [6]). In the Stiickelberg phase there is no analogue 
of this third contribution in the cancellation of the anomalies for this vertex, since h does not 
couple to the fermions. 

Notice that the STI now contains a vertex derived from the hFA A Fa counterterm, but 
projected on the interaction GbFa A Fa via the factor Mi/ Mb- This factor is generated by the 
rotation matrix that allows the change of variables (02, &) —^ {Xbi ^b) ^'^d is given by 



U 



cos 6q sin 6^ 



sin 6* 



B 



cos 6 



(59) 



B 



with 9b = arccos(Mi/M5) = arcsin(g^(yf^t>/M5). We recall [6] that the axion b can be expressed 
as a linear combination of the rotated fields x aud Gb of the form 



= aiXB + "2C^B = ITJ — Xb + Tl-^Bi 



Mp 



M, 



(60) 



B 
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where x is the physical axion and Gb the Goldstone boson; we also recall that the gauge field 
B^ gets its mass M^ through the combined Higgs-Stiickelberg mechanism 



Mb = ^JMf + (gs^?^!;)^. 
Now we express the STI given in fl58l) choosing .^s = 1 



(61) 



2! 

Mb 



'ik^^'' 


i 




igxx' 


/ 


ig/i/i'' 


-, 


iguu' 

(2 "^ 
I Ms 


k 


2 




- 


k\ \ 
iguu 


_k^- 


-I 


i^lJ 


[ kl J 


1 



[-^B^l] A^'^^K,A;i,fc2) 



V^'^ik.M) 



1 



rri/ 



+ ^2z^B^^ i^^Mfi) ^GsAa("^/'^1'^2)|> =0, 



(62) 



where the [G^Fa A Fa\ interaction has been obtained from the \bFA A Fa\ vertex by projecting 
the h field on the field Gb-, and the coefficient 2imf/MB comes from the coupling of Gb with 
the massive fermions [6]. The remaining coefficient Mi/Mb rotates the V^^lki, k2) vertex as in 
Eq. dSg). 

Replacing in (l62l) the WI obtained for a massive AVV vertex 



fcAA^'^"(/3,m/,A;i,A;2) = a3{P)e'"""'k'^k^ + 2mfA'''{mf,ki,k2), 



(63) 



where 



A'^^(m/, A;i,fc2) = m^£"^'^'^A;i,,fc2,/3 (^) /( 



Km 



f) 



1 /.i-i' 



dxdy- 



nif) 



1 



'0 JO m)+{x- l)xkl + {y- l)ykl - 2x|/A;i • ^2 ' 

and the expression for the V^^i^ki, ^2) vertex 



Vfik,,k2 



M 



we get 



igw 




[ kl \ 




'iguu' ' 

. ^^2 . 


k''-Ml_ 



e^'^'^k.^k^p, 



igBg\a^{P,)^^''''''k^^k2p 



(64) 



(65) 



+2igBg\mf A'^'irrif, k,, k^) -2Mb 



M 



e^'-'-^k.^k^p 



2tgBglMB^A^J^^^imj,k,,k2)] =0. 



(66) 



Since A^^j^^^ = A^'^, Eq.( l66|) yields the same condition obtained by fixing Caa in the Stiickel- 
berg phase, that is 



igBg\a3{po)=2M, 



AC 



AA 



M 






A similar STI can be derived for the BBB vertex in this phase, obtaining 
d 



dz^ 



{{)\T B\z)B^{x)BM\^) - MBmGB{z)B^{x)B,{y)\{)) = 0. 



(67) 



(68) 



Expanding perturbatively fl68|) we obtain 



1 d 



{Q\TB\z)B,{x)BM[J^Bfn 



3! dz>^ '"'^ ^ '^' ^' 

- Mb mGB{z)B^{x)B,{y) [GbFb A Fb] |0) 



MBmGB{z)B^{x)BM 



J^Gb 



[J,Bf |0) = 0, 



(69) 



that gives 



3! 



ik 



X' 



Wxx' 



k'^-Ml 



W^^^l' 



kf - M| 



Wv 



kl-Ml^ 



[-gl]A^^'{mf,hM 



M, 



B 



k^-M^^ 



W,,ti' 



^9v 



kl-Ml, 



+ —2ig% 2i 
2! ^^ V Mb 



kf - Ml 

^^ ^GsBb("^/'^1'^2)| =0 



{2^v'r(fe.fe) 



where we have defined 



(70) 






(27r 

{/i ^ v,ki^ k2} . 



[g2 — m^] [{q — ky — m^] [(g — kiY — m'i'j 



(71) 



Since this contribution is finite, it gives 



A' 



fily' 



d^q 



GbBB - I ^2vr^4 



and we obtain again 



1 rl-x 



^0 



dxdy- 



2mAie'"'''^ki ^k2 , 



\(f- — k\{y — X)y — k\[x — X)x + 2xy — m^] ' 



(72) 



A 



A'^^ = e'^^^'^kx ak- 






,aH2,pmf \ ^^^ j /(m/; , 



(73) 
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Figure 7: The anomalous effective action in the two basis in the R^ gauge where we have 
ehminated the mixings on the external lines in both basis. 



Using the anomaly equations in the chirally broken phase 
and the expression of the vertex 






v^\k,M) 



4C, 



BB 



M 



^-^""-"k^^k^p, 



we obtain 



C 



BB 



ig%l an M 



(74) 



(75) 



(76) 



2 4 3 Ml 
Expanding to the lowest nontrivial order this identity we obtain 

^ {^e^^'-'k.^k,, + 2mjA^'^) - 2Mb {^Cbb^^ e^^'^^k.^k,, - Ms (2.^) A(^;^^ = 0, 

(77) 
which can be easily solved for Cbbi thereby determining Cbb exactly at the same value inferred 
from the Stiickelberg phase, as discussed above. 

2.2 Slavnov- Taylor Identities and BRST symmetry in the complete 
model 

It is obvious, from the analysis presented above, that a similar treatment is possible also in 
the non-abelian case, though the explicit analysis is more complex. The objective of this 
investigation, however, is by now clear: we need to connect the anomalous effective action of 
the general model in the interaction basis and in the mass eigenstate basis keeping into account 
that both phases are broken phases. In Fig. [7| this point is shown pictorially. In both cases the 
bilinear mixings of the goldstones with the corresponding gauge fields, ZdGz, Z'dGz' have been 
removed and the counterterms in the eigenstate basis have been fixed as in [7], where we have 
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just shown it for the A-B model. Equivalently, we can fix the counterternis in the HS phase 
by imposing the STI's directly at this stage, thereby defining the anomalous effective action 
plus WZ terms completely. For this we need the BRST transformation of the fundamental 
fields. As usual, in the gauge sector these can be obtained by replacing the gauge parameter 
in their gauge variations with the corresponding ghost fields times a Grassmann parameter uj. 
Denoting by s the BRST operator, these are given by 

sAl = u d,c, + z Ot, 92 UJ [c-W; - c^W-) , (78) 

sZ^ = u d,cz + I Oi 92 u [c-W;: - c^W-) , (79) 

sZ'^ = CO d,cz' + 1 0^ 92 UJ [c-W; - c^W-) (80) 

sW;l = ujd,c^-i92W;:uj{Ot^c, + Oicz + Oicz') 

+ 192 [OtiA,^ + 0^,Z^ + OiZ'^) a;c+, (81) 

sW; = ujd.c- +i92W;:oj {Ot^c, + Oicz + Oicz>) 

- t92{Ot,A,, + 0^,Z, + OiZ'^)ujc-, (82) 

where the O^ are matrix elements defined exactly as in Eq. (11031) below. To determine the 
transformations rules for the ghost/antighost fields we recall that the gauge-fixing lagrangeans 
in the R^ gauge are given by 

^f/ = -:^J'[Z,G'r = -^{d,Z>^-^zMzG'r, (83) 

^^z ^c,z 

^ff = --^:F[Z',G'r = '7^{d,Z"^-^z'Mz>G'y, (84) 



C; = ~w:-J'[A,r = ~^id,A^S, (85) 



CYf = -^J^[W+,G+]J^[W-,G- 
4vy 



-—{d,W+^ + t^wMwG+){d,W-^ - t^wMwG-), (86) 



1 
where G^ , G^ , G^ and G^ are the goldstones of Z, Z', W^ and W~ respectively 



In particular, the FP (ghost) part of the lagrangean is canonically given by 

_ ^ s:f^[z,z] , 
^Fp - ~^ — §gb — ^ ' y^'> 
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where the sum over a and h runs over the fields Z, Z' , A^, W^ e W and is exphcitly given in 
the appendix. For the BRST variations of the antighosts we obtain 



SCa 






a = Z, Z',7, +, 



and in particular 



SCz 



SCz' 






sc^ 



sc. 



-—u {d,Z^-^zMzG^) 
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-u {d^Z'^^-iz'Mz'G^' 



^1 



i 



■ ijj 



[d^W^^^ii^M^G^) 






giving typically the STI 



d 



{Q\T Z^{z)A^{x)A,{ym - Mz^ Gz{z)A^{x)A,{ym = 0, 



(89) 
(90) 
(91) 
(92) 
(93) 

(94) 



and a similar one for the Z' gauge boson. 

We pause for a moment to emphasize the difference between this STI and the corresponding 
one in the SM. In this latter case the structure of the STI is 



kpGP''^' 



{h + k2)pG 



pufj. 



e^g 



TT^ COS 6w 



Y,AQ)e^^''^hak 



2/3 



— -m. 



dxi 



1 — X\ 



dx-) 



(95) 



where G'^"^ is the gauge boson vertex, which is shown pictorially in Fig. [8] (diagrams a and c). 
Notice that the goldstone contribution is the factor in square brackets in the expression above, 
being the coupling of the Goldstone proportional to mi/Mz- In the chiral limit the STI of the 
Z77 vertex of the Standard Model becomes an ordinary Ward identity, as in the photon case. 
In Fig. [8] the modification due to the presence of the WZ term is evident. In fact, expanding 
flMl) in the anomalous case we have 



kpGP'^f' 



{kr + k2)pGP-^^ 



TT^ COS 6\Y 



gfj,Q]e-^'^Pk^^k 



213 



1 rl~xi 1 

m~r I dxi I dx2 -7- 

Jo ^ 



(96) 
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Figure 8: The general STI for the Zjj vertex in our anomalous model away from the chiral 
limit. The analogous STI for the SM case consists of only diagrams a) and c). 
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Figure 9: The STI for the 2^77 vertex for our anomalous model and in the chiral phase. The 
analogous STI in the SM consists of only diagram a). 

where the first term in the square brackets is now the WZ contribution and the second the 
usual goldstone contribution, as in the SM case. Notice that the factor ^ , 9aQ} ^^ i^ ^^^^ 
proportional to the total chiral asymmetry of the Z vertex, which is mass independent and 
appears as a factor in front of the WZ counterterm. In the chiral limit the anomalous STI is 
represented in Fig. [91 

At this point we are ready to proceed with a more general analysis of the trilinear gauge 
interactions to derive the expressions of all the anomalous vertices of a given theory in the mass 
eigenstate basis and away from the chiral limit. The reason for stressing this aspect has to do 
with the way the chiral symmetry breaking effects appear in the SM and in the anomalous 
models. In particular, we will start by extending the analysis presented in [7j for the derivation 
of the Z'-ff vertex, which is here presented in far more detail. Compared to ff] we show some 
unobvious features of the derivation which are essential in order to formulate general rules for 
the computation of these vertices. We rotate the fields from the interaction eigenstate basis to 
the physical basis and the CS counterterms are partly absorbed and the anomaly is moved from 
the anomaly-free gauge boson vertices to the anomalous ones. This analysis is then extended to 
other trilinear vertices and we finally provide general rules to handle these types of interactions 
for a generic number of f/(l)'s. 

Before we come to the analysis of this vertex, we recall that the neutral current sector of 
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the model is defined as [7j 

- Cmc = ^fl^J^^f. (97) 

with 

^ = g^WlT' + gyYAl + g^Y^B^ (98) 

expressed in the interaction eigenstate basis. Equivalently it can be re-expressed as 

r = g^Q^Z^ + g,,Q,,Z'^ + eQAl, (99) 

where Q = T^ + Y. The physical fields A^, Z, Z' and VF3, A^, B are related by the rotation 
matrix O^ to the interaction eigenstates 



(100) 





or equivalently 

Wl = O^^^Al + 0^^,Z, + 0^^z,Z'^ (101) 

K = O^^Al + 0^,Z, + 0^,,Z'^ (102) 

B, = Oi^Z, + Oi,,Z'^. (103) 

Substituting these transformations in the expression of the bosonic operator JF and reading the 
coefficients of the fields Z^, Z' and AJ^ we obtain this set of relations for the coupling constants 
and the generators in the two basis, given here in a chiral form 

gzQ^z = 92T^''0^^z + gyY'^0^, + gsYtOiz (104) 

gzQ^ = gyY^'O^z + aBYiOiz (105) 

gz'Q^z' = g2T''^O^^z,+gyY'^O^z,+gBYiOiz, (106) 

^z'Qf = gyY^O^^, + gsYiOi^, (107) 

eg^ = g2T'''0^^^ + gyY'^0^^ = gyY''0^^ = eQ''. (108) 

3 General analysis of the Z77 vertex 

Let's now come to a brief analysis of this vertex, stressing on the general features of its deriva- 
tion, which has not been detailed in [7]. In particular we highlight the general approach to 
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Figure 10: All the triangle diagrams and the possible CS and WZ counterterms present in the 
model (chiral phase). Not all these diagrams project on Z — i> 77 in the mass eigenstate basis. 

follow in order to derive these vertices and apply it to the case when several anomalous t/(l)'s 
are present. We will exploit the invariance of the anomalous part of the effective action under 
transformations of the external classical fields. This is illustrated in Fig. [71 More formally we 
can set 

WanomiB, W, Ay) = Wanom{Z, Z\ A^), (109) 

where we limit our analysis to the anomalous contributions. 

In the chiral phase, the triangle diagrams projecting on this vertex are the following: YYY , 
YW^W^, BYY and BW3W3. They are represented in Fig. [10], where we have added the 
corresponding counterterms. 

The first two are SM-like and hence anomaly- free by charge assignment. The diagrams 
involving the B gauge boson are typical of these models, are anomalous, and require suitable 
counterterms in order to cancel their anomalies. All the possible counterterms are shown in 
Fig. [lOl The WZ terms of the form bYY or bW^W^ will project both on a Gz'yy and a 
X77 interactions, the first one being relevant for the STI of the vertex. The main issue to 
be addressed is that of the distribution of the anomaly among the triangular vertices. These 
points have been discussed in [6] and [7J working in the chiral limit, when the fermion masses 
are removed from the diagrams. 

The procedure can follow, equivalently, two directions: we can start from the BYW3 basis 
and project onto the vertices ^'77, ZZ'-/..., rotating the fields (not the charges) or, equivalently, 
start from the Z, Z'7 basis and rotate the charges (but not the fields) and the generators onto 
the interaction eigenstate basis BYW3. We obtain two equivalent descriptions of the various 
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Figure 11: The routing of the anomaly and the absorption of the CS term into the anomalous 
B gauge boson. The anomaly is distributed among the vertices with the black dot. 

vertices. In the interaction basis the CS terms are absorbed and the anomaly is moved from 
the Y oi W vertices into the B vertex, where it is cancelled by the axion (see Fig. [TTl) . This is 
the meaning of the STI's shown above. Therefore it is clear that most of the CS terms do not 
appear explicitly if we use this approach. On the other hand, if we work in the mass eigenstate 
basis they can be kept explicit, but one has to be careful because in this case also the remaining 
vertices containing the generator of the electric charge Q ^Y + T^ have partial anomalies. The 
two approaches, as we are going to see, can be combined in a very economical way in some 
special cases, for instance for the ^'77 vertex, where one can attach all the anomaly to the Z 
gauge boson and add only the Gz77 counterterm. Similarly, for other interactions such as the 
ZZ'-) vertex, the total anomaly has to be equally distributed between the two Z's, since only 
the B generator carries an anomaly in the chiral limit, if we choose to absorb the CS terms. 
For other vertices such as ZZZ' etc, all the vertices contribute to the total anomaly and their 
partial contributions can be identified by decomposing the corresponding triangle in the YBW3 
basis with some CS terms left over. 



4 The (Zijj) vertex 



In this section we begin our technical discussion of the method. Since the most general case 
is encountered when at least 3 anomalous f/(l)'s are present in the theory, we will consider 
for definiteness a model with three of them, say Bj = {i?i, i?2, -83}- We can write the field 
transformation from interaction eigenstates basis to the mass eigenstates basis as 



W3 = O^^^A, + J20^,zZi 
1=0 
3 

Y = 0^^A, + J20^z,Zi 



1=0 
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B,=0%^A, + Y,0%zZu (110) 

/=o 

with j = 1, 2, 3, where for / = we have the Zq belonging to the SM and Zi, Z2, Z3 are the 
anomalous ones. As in [7| we rotate the external field of the anomalous interactions from one 
base to the other, selecting the projections over the Zi'j'j vertex (the ellipsis indicate additional 
contributions that have no projection on the vertex that we consider) 

^Tr [Q'y] (YYY) = ^Tr [Q'y] RZUZhi) + ■■■ 
^Tr [QyT^] {YWW) = ^Tr [QyT^] RI^,"^ {Za^} + • • • 
^Tr [Qb.Q'y] {BjYY) = ^Tr [Qb.QI] R^J {Zai) + . • • 
^Tr [Qs.Tl] {B,WW) = ^Tr [Q^T^] RZ'^^'^HZni) + • • • 



2! L^-^^^J ^"^■- ' 2! 



:iiii 



where the rotation coefficients -^^(77 5 ^'za-y^^ ^Za-y ' ^z'a-y containing several products of the 
elements of the rotation matrix O"^ are given by 

RZ^ = Hio^)yzAO''ry,] 

i?i,^7 = [2{0^)wA0^)YzX0^)Y,+ {0ywA0%z,] 

<,T= [3(0^)^.^,(0^)^3 J 

RZ^ = [2{0^)yzX0'')y,{0^)ws, + {0^)wszXOyy,] 

^Zn-y = (O )y7(0 )b,Zi 
^Za-y = [(O )vi^37(0 )b,Zi] 

R^zf;,"^ =[2{0^)b.zX0^)w:A0^)y,] . 

(112) 

It is important to note that in the chiral phase the YYY and YWW contributions vanish 
because of the SM charge assignment. As we move to the rrif 7^ phase we must include 
(together with YYY and YWW) the other contributions listed below 

irr [Q^] {WWW) = irr [T|] R^^"^ {Zni) + . . . 

Tr [Qb.QyTs] {BjYW) = Tr [Qb.QyTs] r''^^ {Zai) + • • • 

^Tr [QlT,] {YYW) = ^Tr [QIT,] R^^ {Za^) + ... (113) 
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More details on the approach will be given below. For the moment we just mention that the 
structure of the CS term can be computed by rotating the WZ counterterms into the physical 
basis, having started with a symmetric distribution of the anomaly in all the triangle diagrams. 
The CS terms in this case take the form 

On ^ - . 1 

3 



Vcs - Y^ lfci,a - fc2,ajg 2^2^ I^S'B.fi'yc'/ ^Zn^y + 93,92^ f ^zn-y 

3 f 



ztA>;A';. 



(114) 



and they are rotated into the physical basis together with the anomalous interactions [7j. We 
have defined the following chiral asymmetries 

^7^"" = Q%,{Tl,f. (115) 

We can show that the equations of the vertices in the momentum space can be obtained following 
a procedure similar to the case of a single f/(l) [T], that we are now going to generalize. In 
particular we will try to absorb all the CS terms that we can, getting as close as possible to 
the SM result. This is in general possible for diagrams that have specific Bose symmetries or 
conserved electromagnetic currents, but some of the details of this construction are quite subtle 
especially as we move away from the chiral limit. 

4.1 Decomposition in the interaction basis and in the mass eigen- 
states basis of the Z;77 vertex 

As we have mentioned, the anomalous effective action, composed of the triangle diagrams plus 
their CS counterterms can be expressed either in the base of the mass eigenstates or in that of 
the interaction eigenstates. 

We start by keeping all the pieces of the 1-loop effective action in the interaction basis in 
the mj 7^ phase and rotate the external (classical) fields on the physical basis taking all the 
contribution to the (^^77) vertex. 

LL, RR LR, RL 



Figure 12: Chiral decomposition of the fermionic propagator after a mass insertion. 

A given vertex is first decomposed into its chiral contributions and then rotated into the 
physical gauge boson eigenstates. For instance, let's start with the non anomalous YYY vertex 
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Figure 13: Chiral triangle contributions to the YYY vertex. The same decomposition holds 
for the BjYY case. 



see Figs. ( 1121131) . Actually, in this specific case the sums over each fermion generation are 
actually zero in the chiral limit, but we will impose this condition at the end and prefer to 
follow the general treatment as for other (anomalous) vertices. We write this vertex in terms 
of chiral projectors (L/R), where L/R = 1 =p 75, and the diagrams contain a massive fermion 
of mass rrif. The structure of the vertex is 



{LLL)\r 



nify^O 



(2vr) 



(g2 — raV) \{q + ky — rnV^ \{q + kiY — rn\\ 



+ exch. 



(116) 



The vertices of the form LLR, RRL, and so on, are obtained from the expression above just 
by substituting the corresponding chiral projectors. Notice that for loops of fixed chirality we 
have no mass contributions from the trace in the numerator and we easily derive the identity 

{LLL)\m,^o = -{RRR)\mf^o. (117) 

At this point we start decomposing each diagram in the interaction basis 
{YYY)gl.Tr[Q'l^] = 

f 
+glQ^j{Qlff{LRR)^^'' + glQ^^fQljQ^^f{LRLy 

+gUQ^j)'Q^j{LLR)"^'' + g'yQ^jiQ^j)'{RLL)^^^ 

+g'yQ§jQ^jQ§j{RLR)'^'' + gUQ§jfQ^j{RRL)'^''] ^Z^A^^A^R^,^^}; + ... 

(118) 
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AAA. 




Figure 14: Chiral triangle contributions to the YWW vertex. The same decomposition holds 
for the BMW case. 



where the factor of 1/8 comes from the chiral projectors and the dots indicate all the other 
contributions of the type ZiZml, ZiZmZr and so on, which do not contribute to the Z/77 
vertex. This projection contains chirality conserving and chirality flipping terms. The two 
combinations which are chirally conserving are LLL and RRR while the remaining ones need 
to have 2 chirality flips to be nonzero (ex. LLR or RRL) and are therefore proportional to rni. 
We repeat this procedure for all the other vertices in the interaction eigenstate basis that 
project on the vertex we are interested in. For instance, in the case of the (YWW) vertex the 
structure is simpler because the generator associated to PF3 is left-chiral (Fig. [Ml) 



{YWW)gyglTr[Qy{r^f] = J^ [gYglQ^fiTljfiLLL) 



Xfiu 



+gy9lQh^Tljf{RLL)'^^] \z^a';a;rI^.^ + 



(119) 



Similarly, all the pieces BiYY and BiWW for i = 1,2, 3, give the projections 



{B,YY)gBg'YTr[QB,Q'Y] = V [gBAQkfiQYj)'^^^^)'"' + aB^aYQiAQhyi^^^) 



Xfiu 



f 



1 

8* 



and 



+gBAQkAQY,f)'(LRR)'"^ + gBAQkfQyjQyALRL)^"^ 
+gB.g'yQijQ^jQ^j{LLR)^''' + gn^g^yQ^jiQ^iRLL)"^'' 

-gB.glQljQ^jQ§j{RLR)'^'' + gB.g'yQljQ^jQ^j{RRL)'^''] ^Z^A>;a;r^^'''' + ... 

(120) 



{B,WW)gyglTr[QBATr] = E [dBdQkMfnLLL)''^'' 

f 



+gBdQlMjf{RLL)'^^] ^ztA>;A';R^,i^^'^ + 



8 



;i2i) 
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We obtain similar expressions for the terms WWW, YYW, BiYW, etc. which appear in the 
rrif 7^ phase. 

4.1.1 The THf = phase 

To proceed with the analysis of the amplitude we start from the chirally symmetric phase 
{rrif = 0). The terms of mixed chirality (such as (LRR) and so on) vanish in this limit, leaving 
only the chiral preserving interactions LLL and RRR. In this limit we can formally impose the 
relation 

{LLL)^^''{mf = 0) = -4Aaaa{0) (122) 

that will be used extensively in all the work. This relation or other similar relations are just the 
starting point of the entire construction. The final expressions of the anomalous vertices are 
obtained using the generalized Ward identities of the theory. What really defines the theories 
are the distributions of the partial anomalies. We will attach an equal anomaly on each axial- 
vector vertex in diagrams of the form AAA and we will compensate this equal distribution with 
additional CS interactions - so to bring these diagrams to the desired form AVV or VAV or 
VVA - whenever a non anomalous U{1) appears at a given vertex. For models where a single 
anomalous U{1) is present this does not bring-in any ambiguity. For instance, conservation 
of the Y current in BiYY will allow us to move the anomaly from the F's to the Bi vertices 
and this is implicitly done using a CS term. We say that this procedure is allowing us to 
absorb a CS interaction. Moving to the YYY vertex, this vanishes identically in the chiral limit 
since we factorize left- and right-handed modes for each generation by an anomaly-free charge 
assignment 



(YYY): gl.Tr[Ql.]=0, (123) 

(YWW) : gyglTrlQYiTif] = 0. (124) 

At this point we pause to show how the re-distribution of the anomaly goes in the case at hand. 
We have the contribution 

V^/^ = di{BiY A Fy) (125) 

and the BRST conditions in the Stiickelberg phase give 

2 1 

di = -igB.gy-anDB^YY] Db.yy = -^TrlQsiQY]- (126) 
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Also these terms are projected on the vertex to give 

Vc^ = MBiY A Fy) = (-^)rf,5v-(^^^ _ ^^^) [(oA)2_^(qA)^^^j z^a>;a; + ... 

(127) 

In general, a vertex such as BiYY is changed into an AVV, while vertices of the form YBB 
and YBiBj which appear in the computation of the '-/ZZ '-/ZiZm interactions are changed into 
VAV + VVA. This procedure is summarized by the equations 

AXK = 0, h, h) - y£'^'^"(A;i,„ - h,a) = A'/^vi^f = 0, h, h) 

ATAK = 0, h, -k) - ^e^-^''{h,^ + 2A;2,„) = 
^Avvi^f = 0' ^2, -k) = Ay^Xvi^f = 0' ^1' ^2) 

K^U^f = 0, -k, k,) - |i5-^A^"(-2A;i,„ - k2,a) = 
^AVvi^f = 0' -^' ^1) = ^VVAi^f = 0' ^1' ^2) 



Aa'LK = 0, k^, k2) + -fe^'-"'ik,,^ - A;^,.) = 
i^v'Avi^f = 0' ^1' ^2) + Ay^y^iruf = 0, ki, /ca) 



:i28) 



where the last relation can be proved in a simple way by summing the second and the third 
contributions. Defining k^ = —k^, one can combine together the AAA plus the counterterms 
into a unique expression for each case 

ytvY = ^D^^yy g^^gl AI'XaI^i, ^2) + D^^yy g^fy^^ \ e^^-(A;, - k^)^ 
^'yIy = ^D^^yyg^^g^A^j:^^{k2,k,)+D^^yyg^^g^^^^e>^^'^{k,-k,)^ 
yYY% = ^DB.YY9B.9^K'lAih,kl) + D^^yyg^^g^^^le'''^'^{k,-k,)^ 



7r2 3 



i 1 

^ysls, = ^^YB^B, 9y9bSb, A^'^aI^i, ^2) - ^yb^b, 9y9b,9b, -^ ^ e^'''"'(^i - ^2)^, 



(129) 
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where we have rotated them onto the ^^77 vertex. For the non abehan case {WBiW and 
WWBi), the calculation is similar, so we omit the details. 

Finally the anomalous contributions plus the CS interactions are given by 



+gBd J2 QkfiTljrlAAAA{or^'R^zZ'^z^Ai;A; 
f 

9B,gY^(^nJ-JB,YY^Zay + 9B,g2^0.nJ^ b, ^Zm 



f 



(130) 
which allows to move the anomaly on the axial current and we simply get 

{Zm) U,=o = E 9b.9'y E [QkfiQyjy - QkAQh)'] l^'/vvi^zi^.'^z^A^^A; 

i f 

+ E 9Bd E Qkf(TlfrlA%^v{0)R^z:Tz^A^^A'; , (131) 

i f 

where we transfer all the anomaly on the vertex labelled by the A index, obtaining that the 
Ward identities on the photons are satisfied. 

At this point, it is convenient to introduce the chiral asymmetry 



rX BiBj 



iQYj)(Qkf)iQB,j) - iQYj)iQkf)(Q%j)\ (132) 

and express the coefficients in front of the CS counterterms as follows 



/ 



Dn.ww — —— / 



BiWW 
B,WW - -Q / ,^f 

f 



IT.^P'''- (133) 



DYBiB, -- g ^ 

/ 

After some manipulations we obtain the expression of the {Zi'-fj) vertex in the rrif = 
phase which is given by 

{Zm)\m,^o = -^aX(o)zM,^a;;EE [^-^^^^?""<T + ^B«^2^f ''^^S.r] > 

i f 

(134) 
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where for A^v'y(O) we write 

^AVv{^f'\hM,^) = \ [ dx [ ^dy-^ 

T^ Jo Jo ^(0) 

{e[ki, A, /i, u] [y{y - l)kl - xyh ■ fcg] 
+e[k2, A, /i, u] [x{l — x)kl + xyki ■ ^2] 
+e[ki, k2, A, u] [x{x — l)A;f — xy/^g] 
+e[/i;i,A;2,A,/i] [xy/cj' + (1 - |/)t/A;^]} , 

A(0) = x{x - l)kl + y{y - l)kl - 2xyki ■ k2. (135) 

At this stage we should keep in mind that if all the external particles are on-shell, the total 
amplitude vanishes because of the Landau- Yang theorem. In other words the Zi's can't decay 
on shell into two on-shell photons. However it is possible to have two on-shell photons if the 
initial state is characterized by an anomalous process as well, such as gluon fusion. This does 
not contradict the Landau- Yang theorem since the Z-pole disappears [20] in the presence of an 
anomalous Z' exchange [20] . 

4.2 The ruf y^O phase 

Now we move to the analysis of the vertices away from the chiral limit. Also in this case we 
separate the mass- dependent from the mass-independent contributions. 

4.2.1 Chirality preserving vertices 

We start analyzing the vertices away from the chiral limit by separating the chiral preserving 
contributions from the remaining ones. The general expression of LLL is given by 

{LLL) \mfjLo = Aie[ki, A, /i, z/] + A2e[k2, A, /i, z/] + A^k'^elki, k2, A, /i] + A4^k2e[ki, k2, A, /i] 
+A5k'^e[ki, ^2, A, u] + AQk!^e[ki, k2, A, u] (136) 

where we have removed, for simplicity, the dependence on the charges and the coupling con- 
stants. 

The divergent structures Ai and A2 are given by 

Ai = 8i [X3o(/i;i, k2) - 'l2oiki, ^^2)] kj + I6i [Tn{ki, ^2) - l2i{ki, ^2)] ki ■ k2 
+8i[Ioiiki,k2) -Io2{ki,k2) + Ji2(A;i, ^2)] ^2 
+4z [3Pio(A;i, k2) - 2Voo{ki, ^2)] (137) 
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where 



^st{ki,k2) = I dx dy ' 



Jo 



(27r)'^ [g2 _ j,(^i _ £^j^2 _ y(^i _ y^j^2 _ 2xyki ■ k2 + mj]' 



"-^ f^^'-" f d^q q^x-'^y^ 

Vst{ki,k2) = I dx dy 



^0 



(27r) ^2 _ ^^i _ ^^f^2 _ y^-^ _ y-^f^2 _ 2xyki ■ /c2 + ml] 



/J 
(138) 



and one can verify that Ai{ki,k2) = —A2{k2,ki). All the mass dependence is contained only 
in the denominators of the propagators appearing in the Feynman parametrization. 
The finite structures A^ . . . Aq are the following 

A3{ki,k2) = -16ilu{ki, k2) = -Afi{k2,ki) 

A4iki, k2) = 162 [Jo2(A;i, k2) - Ioi{k,, k2)] = -A,{k2, ki) (139) 

where still we need to perform the trivial finite integrals over the momentum q. 
The decomposition of {LLL)f into massless and massive components gives 

{LLL)f = {LLL{mf ^ 0)) - {LLL){0) 

{LLL){0) = {LLL{mf = 0)) 

{LLL{mf ^ 0)) = {LLL)f + {LLL){0), (140) 

where we have isolated the massless contributions. As we have seen before, the CS terms act 
only on the massless part of the triangles (having used Eq. (11221) ) and reproduce the massless 
contribution calculated in Eq. (I134p . Since the mass terms are proportional to the tensors 
e[ki, X, fi,!^] and e[k2, \, fi,!^] they can be included in the singular structures Ai and A2 of 

Ai = Ai + tmjiQ^jYiQ^j) [-8Ioo{q\ k,, k2) + 24Xlo(g^ fci, ^2) 
+im]{Q^jf{Q^j) [8Xoo(g', ki, ^2) - 24Tlo(g^ fci, k2) 
-Sim)Qlf{T^jfT^o{q\k^,k2) 
-im) J2 QkfQyjQyj [8Xio(g', A;i, k2) + 4Joo(g', ku k2) 



+im) Y, QkfQyjQyj [8Xio(g', k,, /C2) + 4I-oo(g', ku k2) 

i 

-%im) Y, Qi,:,/(Qy,/)'^io(g', A;i, k2) + SzmJ ^ QkAQh^^^oiq^ k^, ^2) 

i i 

-8zm} Y QljTijflwiq', k^, k2). (141) 
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At this point we have to consider also the chirahty flipping terms. For simplicity we discuss 
only the case of the YYY vertex, the others being similar. 

4.2.2 Chirality flipping vertices 

These contributions are extracted rather straighforwardly and contribute to the total vertex 
amplitude with mass corrections that modify Ai and A2. We discuss this point first for the 
(YYY), and then quote the result for the entire contribution to ^77. 
For YYY we obtain 

{QyjfiQYj) KRRL) + {LRR) + {RLR)] = 

{Q^jfiQyj) [Simpooiki, h) {e[k2, A, fi, u] - e\ki, A, ^u, u]) 
+24im5(Jio(A;i,A;2)£[A;i, A, /i, z/]-Joi(A;i,A;2)£[A;2, A, /i,z/])] , (142) 

and the analysis can be extended to the other trilinear contributions and can be simplified 
using the relations 

[{RRL) + {LRR) + {RLR)] = - [{LLR) + {RLL) + {LRL)] . (143) 

The final result is given by 

mass terms = ifn^fgYiQYjYiQYj) [82oo(fci, k2) {e[k2, A, /x, v] - e[ki, A, /x, v]) 
+24 {Iioiki, k2)e[ki, A, /i, v] - XQi{ki, k2)e[k2, A, ^, v])] 
-im)gl.{Q^jf{Q^j) [8Joo(A;i, k2) {e[k2, A, /i, v] - e[ki, A, /i, v]) 
+24 {Tio{ki, k2)e[ki, A, /i, v] - Ioi{ki, k2)e[k2, A, fi, u])] 
+8im'jgYglQ§j{T^ff (Ioi{ki, k2)e[k2, A, /i, u] - Iio{ki, k2)e[ki, A, /i, u]) 

+ (8Jio(/i;i, k2) + 4:Ioo{ki, k2))e[ki, A, /i, u]] 
-im)^gB^gYQ%jQYjQY,f [(8Xoi(A;i, h) - 4Xoo(A;i, k2))e[k2, A,/i, u] 

i 

+(8Xio(/i;i, k2) + 4Joo(/i;i, k2))e[ki, A, /i, z/]] 
+imj J^ gB,glQ%j{.QYjf^ {'^oii.h, k2)e[k2, A, /x, z/] - Jio(/i;i, /i:2)^[/i;i, A, /x, z/]) 



-zm", ^5fB,5fyQ|^jQPj.Qyj. [(8Joi(g^ ki, k2) - 4Jooiki, k2))e[k2, A,/i, u] 



-im) ^ gB,glQB,ji.QYjf^ (2^01(^1, ^2)^1^2, A, /i, z/] - Jio(A;i, A;2)£[/i;i, A, ^u, z/]) 



+8imJ ^ gB,glQ%j{T^jf (loiih, k2)e[k2, A, /i, z/] - Jio(A;i, /i;2)e[A;i, A, /i, z/]) 

i 

(144) 
36 



and is finite. To conclude our derivation in this special case, we can summarize our findings as 
follows. 

In a triangle diagram of the form, say, AVV, if we impose a vector Ward identity on the two 
V lines we redefine the divergent invariant amplitudes Ai and A2 {A2 = —Ai) in terms of the 
remaining amplitudes A3, ...,Aq, which are convergent. The chirality flip contributions such as 
LLR turn out to be finite, but are proportional to Ai and A2, and disappear once we impose 
the WI's on the V lines. This observation clarifies why in the Z77 vertex of the SM the mass 
dependence of the numerators disappears and the traces can be computed as in the chiral limit. 
Including the mass dependent contributions we obtain (see Fig. [15] for the rrif 7^ phase) 



f 



+929YOf Kzai + 92gY^f ^Zni + Z^ gB,g2gYt>f K2 



+Y.9B.gior'^Rf^^ +Y.9Bdor''R'z^^r' ^^a^^a:^ 

i i J 

+rn?n (chirally flipped terms) (145) 

where {LLL) r^'^ is now defined by Eg. (11401) . In Eq. (ll45p we have also defined the following 
chiral asymmetries 

QB.YW ^ [Q^-fQ^y^jTlj] (146) 

It is important to note that Eq. (ll45p is still expressed as in Rosenberg (see [21], [6]), with 
the usual finite cubic terms in the momenta ki and ^2, the two singular invariant amplitudes 
{Ai and A2) and the mass contributions. 

At this stage, to get the physical amplitude, we must impose e.m. current conservation on 
the external photons 

fc2(^m)l™7^o = o. (147) 

Using these conditions, again we can re-express the coefficient Ai,A2 in terms of A3,...,Aq 
and we drop the explicit mass dependence in the numerators of the expression of the physical 
amplitude. 
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Thus, applying the Ward identities on the triangle {LLL)f, it reduces to the combination 
A^yv'(mj) — A^v'v'(O) which must be added to the first term in the curly brackets of Eg. (1 145 p . 
thereby giving our final result for the physical amplitude 



f 

+9Y92yf ^Zai + Z^9B,9Y92yf ^z^ 



YWW 

77 



^YW 



+ 2^9Bi9Y^f ^zrn +9B,92^f tiz, 



2aBiWW j^BiWW 

i77 



X/iu 



AJyVK ^ 0). 



(148) 



We have defined 

RZ, = {0^)yzXO^)% RlZ"" = iO^)w.zSO^)k^, (149) 

and the triangle A^v'y('^/ 7^ 0) is given by 

X /•! rl-x ^ 

^Avvirrif ^ 0, h, k2Y^'' = — dx dy— 

-^^ Jo Jo M^f) 

{e[ki, A, /i, z/] [y{y - l)kl - xyki ■ /cg] 
+£[^2, A, /i, u] \x{l — x)k1 + xyki ■ ^2] 
+e[ki, k2, A, u] [x{x — l)k1^ — xyk!^] 
+e[ki,k2,X,iJ.][xyk'( + {l-y)yk2]} , 

A(m/) = mj + x{x - l)kl + y{y - l)kl - 2xyki ■ k2 . (150) 

4.2.3 The SM limit 

It is straightforward to obtain the corresponding expression in the SM from the previous result. 
As usual we obtain, beside the tensor structures of the Rosenberg expansion, all the chirally 
flipped terms which are proportional to a mass term times a tensor fcf 2£^[«, A, /x, v\. As we have 
seen before in the previous sections all these terms can be re-absorbed once we impose the 
conservation of the electromagnetic current. 

Then, setting the anomalous pieces to zero by taking gsi — > 0, we are left with the usual Z 
boson {Zi -^ Z), and we have 
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Figure 15: Interaction basis contributions to the Zjj vertex. In the SM only the first two 
diagrams survive. The CS terms, in this case, are absorbed so that only the B vertex is 
anomalous. In the chiral limit in the SM the first two diagrams vanish. 



(^77)U,^o = -9ze'J2 iQ'/iQiY - Qz'^iQff] T^^'/vvimf ^ Q)Z'A^^A. 



7\ /[IJi AV 

7 



^g^Qwww^www ^ g^^g^e^ywRYvw^ z'a>;a;, 



YWW 

Z77 



(151) 



where the coefficients R^}^^ , B^^^ are defined in the previous section. It is not difficult to 
recognize that in the first line we have 



(^77)|m^^o = -gze^^^{,Qff 



QV - Q^'z^ 



^'/vvi^f ^ o)z'a>;a 



V 



and since 



Qz'^ - QV 



2^i/ 



9z 



92 



cos9\Y 



finally we obtain 

(^77)|m^^0 



92 



COS 9 



w 



f 



which is exactly the SM vertex 



(152) 



(153) 



(154) 



5 The ^ZZ vertex 

Before coming to analyze the most general cases involving two or three anomalous Z's, it is 
more convenient to start with the 7ZZ interaction with two identical Z's in the final state and 
use the result in this simpler case for the general analysis. 
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Figure 16: Chiral triangle contributions to the ^'77 vertex. 



5.1 The vertex in the chiral Umit 



We proceed in the same manner as before. In the ttij = phase, the terms in the interaction 
eigenstates basis we need to consider are 

^Tr [Q'y] {YYY) = ^Tr [QI^] [SiO^.^O^^] {^ZZ) + ... 

^Tr [QyT^] (YWW) = ^Tr [QyT^] [20^,0^^0^, + [O^zfO^,] {^ZZ) + . . . 
^Tr [QyQl] (YBB) = ^Tr [QyQl] [0^,{0i,)'] {^ZZ) + ... 
^Tr [QbQI] {BYY) = ^Tr [QnQ'y] [20i^0^,0^^] {^ZZ) + ... 
^Tr [QbTI] {BWW) = ^Tr [QbTI] [20^,0^,0^^] {^ZZ) + . . . 
We define for future reference the following expressions for the rotation matrices 



RVzz = [3(0^,)^0^J 



TjWWW 
^■yZZ 



[3(0^3^)^0^3j 



<z7 = [20^3^0^,0^^ + {0^,,){0^zf] 



R. 



YWW 

'■yZZ 






jdBBY _ 
^■yZZ - 

jdBBW 
^•yZZ - 

tdBWW 
^-yZZ 

T3BYW 

ri. 



y^BZ'^W^Z'^Yy 



-^ n^ n^ n^ 



(155) 



(156) 



^-yZZ — I'-^BZ'-^WaZ'-^Y'y "T '-^BZ'-^Way'-^YZ} ■ 

The chiral decomposition proceeds similarly to the case of 2^77 (see Fig. [T6l) . Also in this 
situation the tensor {LLL) r^" is characterized by the two independent momenta ki^^ and k2,v 
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of the two outgoing Z's. Since the LLL triangle is still ill-defined, we must distribute the 
anomaly in a certain way. This is driven by the symmetry of the theory, and in this case the 
STI's play a crucial role even in the {irtf = 0) unbroken chiral phase of the theory. In order to 
define the (LLL)^^^|mf=o diagram we choose a symmetric assignment of the anomaly 

6 

h{LLLy>^''\m,=o = ^e[h,k2,f^,u] . (157) 

These conditions together with the Bose symmetry on the two Z's 

(LLL)^^n^^=o(A;, h, h) = (LLL)^^^U^=o(A;, ^2, h) (158) 

allow us to remove the singular coefficients proportional to the two linear tensor structures of 
the amplitude. The complete tensor structure of the jZZ vertex in this case can be written in 
terms of the usual invariant amplitudes Ai, ...Aq 

As = -16 (Iioih, k2) - T2o{h, ^2)) 
Ai = +16Xn{h,k2) 
A, = -16Iu{k,,k2) 



Aq = -16 (Joi(A;i, k2) - Io2{ki, k2)) 

Or, 

3 

A2 = -ki ■ k2Ai - klAs - ^. (159) 



Ai = -ki ■ A;2^5 - klA^ + -^ 



3 

We have the constraints 

A:A(LLL)^^nm,=o = y^ [K ^^2, /i, H ^ ^1 - ^2 = y (160) 

and the relation written in Eq. (I122p . In this case the CS terms coming from the lagrangean 
in the interaction eigenstates basis are defined as follows 

T/ -\^] n n'^^aYBYrjYBY^^n nuXafi, , n 2 ^ qYYB jjYYB^^n uXfia ( , . N 

+9Y9lleJ^''RVz?Y''"'^''ih,a - k2,.) - gB9l\eY^''B^z7^fe>^'''-{k2,^ - fc3,a) 

-^B^2^^^f ^^^r^r y^^''^"(^3,« - K»)] . (161) 
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Then, collecting all the terms, the expression in the mj = phase for the 'jZZ process can 
be written as 

1 
2' 



f 



^AAA 



{0)-^e^''"'{h,.-k 



3,a) 



+ 



2 fjYYB tdYYB \auXh 



a 



2 qYBB jdYBB 



+ QYQn(^',^^R 



a. 



K 



2,a) 



+9392^ f ^ZZ^ 

_L^ ^2nWWB-DWWB 
+9B92'^f -KzZ7 



A>rU0)-^e^'''''{k2,.-k. 



^AAA\ 



3,QJ 



AA'XA(0)-ye'^'^"(A:3,«-A:i,.)]} 



(162) 



and after some manipulations, we obtain 

1 
" ~2 



{-fZZ)\mj.-_ 



f 

}. 



BYY 



+gyqleV''B^^^ 



f 



2qBWW tdBWW^ 



(163) 



where we have used 



dBBY _ 1 tdBBY 
^yZZ — 2 7^^ ■ 



QyAQ 



fWBJ) 



If we define 

we can write an explicit expression for T^^"^, which is given by 

1 f^ , r^"-" . 1 



(164) 
(165) 



T^^^iO) 



7r2 , 



dx 



dy- 



{e"^^''h,^[{l-x)xkl + y{y-l)kl] 



A(0) 

+£"'^"A;2,a [(1 - x)xkl + y{y - l)kl] 
+e[ki, k2, A, u] [2{x - l)xki^^ - 2xyk2,^] 
+€[ki, k2, A, fi] [2(1 - y)yk2,u + 2xyki^J\} , 



(166) 



and it is straightforward to observe that the electromagnetic current conservation is satisfied 
on the photon line 



ki,^T^^'' 



1 

2^ 
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e[ki,k2,\v] 



(A;i,A + k2,x)T^>''' = 0. (167) 

5.2 ^ZZ: The rrif ^ phase 

In the rrif ^ phase we must add to the previous chirally conserved contributions all the 
chirally flipped interactions of the type (LLR) and similar, which are proportional to m'l. 
As we have already seen in the Z77 case, all the mass terms have a tensor structure of the 
type m'le"'^'^'^ ki^2,a and we can always define the coefficients Ai and A2 so that they include 
all the mass terms. Again, they are expressed in terms of the finite quantities A^, . . . ,Aq by 
imposing the physical restriction, i.e. the e.m. current conservation on the photon line, and 
the anomalous Ward identities on the two Z's lines. Since the CS interactions act only on the 
massless part of the triangles, they are absorbed by splitting the tensor (LLL)^'^" as 

Wif^Q ~ \LLL)' ■ \mf=o- 

(168) 



{LLL)^^^''{mf) = {LLL)>^nmf^o - {LLL)^^''\ 



Then, the structure of the amplitude will be 

— {-iZZ)\mj^o = Aie[ki,\,fi,u] +A2e[k2,\,fi,u] + A3k'^e[ki,k2, \,u] 

+A4k^e[ki, k2, A, u] + A^k'^elki, /cs, A, /x] + Ag/c^ei/ci, k2, A, u] (169) 

and using the explicit expressions of the coefficients we obtain 

f 

+9Yg2^f ^■yZZ + 9Y92^f ^-^ZZ 

+9B9Y^f RyZZ +9Y9B^f R^ZZ 

_L^2 ^ nWBB BWBB , ^ ^2nBWW tdBWW 
+9B92^f ti^ZZ + 9B92^f ^^ZZ 

+glg29Yef'^R^^^] ^T'^'^irrif ^ Q)A,Z^Z^ , (170) 

where we have defined 

T'^^^iruf ^ 0) = [aX(^/ ^ 0) + ^^Ai^f + 0) 

aWBB (r,L \2rp3 

^f = Wbj) J-lj^ 

oWBB 1 dWbb nvr 

^-yzz = 2^-iZZ ) l-La^ 
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with 

T'^-'irrif ^0) = l^JdxJ ^ dy^^ {e^^^-'h,^ [(1 - x)xkl - i/(l - y)kl] 

+e"'^''k2,o. [(1 - x)xkl - y{l - y)kl] 

+e[ki, k2, A, u] [2{x - l)xki^f, - 2xyk2,y\ 

+e[ki, k2, A, fi] [2(1 - y)yk2,, + 2xyk2j} . (172) 

We can immediately see that the expected broken Ward identities 

w,, 

A{mf) 

•1 fl-x 



1 (If f 1 

k T^i^- = ^e [ki, /C2, A, z/] <^ - - mj / dx / dy—- 



(Kx + h.x)T^-' = a (173) 

are indeed satisfied. 

6 Trilinear interactions in multiple U{1) models 

Building on the computation of the ^'77 and '-jZZ presented in the sections above, we formulate 
here some general prescriptions that can be used in the analysis of anomalous abelian models 
when several f/(l)'s are present and which help to simplify the process of building the structure 
of the anomalous vertices in the mass eigenstates basis. The general case is already encountered 
when the anomalous gauge structure contains three anomalous f/(l)'s besides the usual gauge 
group of the SM. We prefer to work with this specific choice in order to simplify the formalism, 
though the discussion and the results are valid in general. 

We denote respectively with W^, Ay, Bi,B2, -B3 the weak, the hypercharge gauge boson and 
their 3 anomalous partners. At this point we consider the anomalous triangle diagrams of the 
model and observe that we can either 

1) distribute the anomaly equally among all the corresponding generators (T3, Y, Yb^, Yb2, Yb^) 
and compensate for the violation of the Ward identity on the non anomalous vertices with 
suitable CS interactions 



or 



2) re-define the trilinear vertices ab initio so that some partial anomalies are removed from 
the Y — W3 generators in the diagrams containing mixed anomalies. Also in this case 
some CS counterterms may remain. 
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We recall that the anomaly-free generators are not accompanied by axions. The difference 
between the first and the second method is in the treatment of the CS terms: in the first 
case they all appear explicitly as separate contributions, while in the second one they can be 
absorbed, at least in part, into the definition of the vertices. In one case or the other the final 
result is the same. In particular one has to be careful on how to handle the distribution of the 
partial anomalies (in the physical basis) especially when a certain vertex does not have any 
Bose symmetry, such as for three different gauge bosons, and this is not constrained by specific 
relations. In this section we will go back again to the examples that we have discussed in detail 
above and illustrate how to proceed in the most general case. 

Consider the ^'77 case in the chiral limit. For instance, a vertex of the form B2YY will 
be projected into the ^'77 vertex with a combination of rotation matrices of the form Rzl-y 1 
generating a partial contribution which is typically of the form {LLL)R^'t . At this point, 
in the B2YY diagram, which is interpreted as a (LLL) ~ Aaaa contribution, we move the 
anomaly on the i?2-vertex by absorbing one CS term, thereby changing the (LLL) vertex into 
an AW vertex. 

We do the same for all the trilinear contributions such as B^YY, BiWW and so on, sim- 
ilarly to what we have discussed in the previous sections. For instance B^YY, which is also 
proportional to an AAA diagram, is turned into an AVV diagram by a suitable CS term. The 
Z77 is identified by adding up all the projections. This is the second approach. 

The alternative procedure, which is the basic content of the first prescription mentioned 
above, consists in keeping the B2YY vertex as an AAA vertex, while the CS counterterm, 
which is needed to remove the anomaly from the Y vertex, has to be kept separate. Also in 
this case the contribution of B2YY to ^77 is of the form {LLL)R^'t , with {LLL) ~ ^aaa-, 
and the CS term that accompanies this contribution is also rotated into the same ^77 vertex. 

Using the second approach in the final construction of the ^'77 vertex we add up all the 
projections and obtain as a result a single AVV diagram, as one would have naively expect 
using QED Ward identities on the photon lines. Instead, following the first we are forced to 
describe the same vertex as a sum of two contributions: a fermionic triangle (which has partial 
anomalies on the two photon lines) plus the CS counterterm, the sum of which is again of the 
form AVV. 

However, when possible, it is convenient to use a single diagram to describe a certain 
interaction, especially if the vertex has specific Bose symmetries, as in the case of the ^'77 
vertex. 

For instance, we could have easily inferred the result in the ^77 case with no difficulty at 
all, since the partial anomaly on the photon lines is zero and the total anomaly, which is a 
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constant, has to be necessarily attached to the Z hne and not to the photons. 

A similar result holds for the ZZZ vertex where the anomaly has to be assigned symmetri- 
cally. Notice that, in prescription 2) when several extra f/(l)'s are present, the vertices in the 
interaction eigenstate basis such as B1B2B3 or B1B1B2 should be kept in their AAA form, 
since the presence of axions (&i,&2;^3) is sufficient to guarantee the gauge invariance of each 
anomalous gauge boson line. 

A final example concerns the case when 3 different anomalous gauge bosons are present, for 
instance ZZ' Z" . In this case the distribution of the partial anomalies can be easily inferred by 
combining all the projections of the trilinear vertices BiYY, BiWW, BiB2B^, BiB2B^, B2B3B3... 
etc. into ZZ'Z". The absorption of the CS terms here is also straightforward, since vertices 
such as BiYY, YBiY and YYBi are rewritten as AVV, VAV and VVA contributions respec- 
tively. On the other hand, terms such as B2B1B1 or B1B2B3 are kept in their AAA form with 
an equal share of partial anomalies. Notice that in this case the final vertex, also in the second 
approach where the CS terms are partially absorbed, does not result in a single diagram as in 
the Z77 case, but in a combination of several contributions. 

6.1 Moving away from the chiral limit with several anomalous [/(l)'s 

Chiral symmetry breaking, as we have seen in the examples discussed before, introduces a 
higher level of complications in the analysis of these vertices. Also in this case we try to find 
a prescription to fix the trilinear anomalous gauge interactions away from the chiral limit. As 
we have seen from the treatment of the previous sections, the presence of mass terms in any 
triangle graph is confined to the denominator of their Feynman parameterization, once the 
Ward identities are imposed on each vertex. This implies that all the mixed terms of the form 
LLR or RRL containing quadratic mass insertions can be omitted in any diagram and the 
final result for any anomalous contributions such as B1B2B3 or BiYY involves only an (LLL) 
fermionic triangle where the mass from the Dirac traces is removed. 

For instance, let's consider again the derivation of the 'jZZ vertex in this case. We project 
the trilinear gauge interactions of the effective action written in the eigenstate basis into the 
'yZZ vertex (see Fig. fTTl) as before and, typically, we encounter vertices such as YBiY or BiYY 
(and so on) that need to be rotated. We remove the masses from the numerator of these vertices 
and reduce each of them to a standard (LLL) form, having omitted the mixing terms LLR, 
RRL, etc. Also in this case a vertex such as BiYY is turned into an AVV by absorbing a 
corresponding CS interaction, while its broken Ward identities will be of the form 

h^A^^^''{P,h,k2) = 
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A;aA^^'^(/3,A;i,A;2) = a„(/3)5^^"^A;^A;^ + 2m/A'^^ (174) 

with a broken WI on the A hne and exact ones on the remaining V hnes corresponding to the 
two Y generators. Similarly, when we consider the projection of a term such as -B1-B2-B3 into 
the Z' Z" Z vertex, we impose a symmetric distribution of the anomaly and broken WI's on the 
three external lines 

A;i^A^^'^(A;i,A;2) = ^£^'^"'^A;^A;^ + 2mjA^^ 

kxA^^"'{ki,k2) = —e^"''"^k'^k^ + 2mfA^'\ (175) 

The total vertex is therefore obtained by adding up all these projections together with 3 CS 
contributions to redistribute the anomalies. Next we are going to discuss the explicit way of 
doing this. 



7 The (jZiZm) vertex 



At this stage we can generalize the construction of {'yZZ) to a general {'-fZiZm) vertex. The 
contributions coming from the interaction eigenstates basis to the {'-fZiZm) in the chiral limit 
are given by 

^Tr [Q'y] (YYY) = ^Tr [Q'y] R};^J^ZiZ^) + ... 
^Tr [QyT^] {YWW) = ^Tr [QyT^] R^JJJ^Z.Z^) + . . . 
^Tr [QyTl] {WYW) = ^Tr [QyT^] R^z'HilZiZ^) + ■■■ 
^Tr [QyTi] {WWY) = ^Tr [QyT^] R^z^JlZiZ^) + ■■■ 



2! L^ ^J ' ' 2!' 



^Tr [QsTi] {WB,W) = ^Tr too T^i -^^^^ 

^Tr [QsTi] {WWB,) = ^Tr [QsT^] <i!^(7^/^™) + • • • 

^Tr [Qb.QI] {YB,Y) = ^Tr [Qs.Q'y] R^JffjiZ^Z^) + . . . 

^Tr [Qb.QI] {YYB,) = ^Tr [Qb.QI] <|£(7^/^™) + • • • 
Tr [QyQn.QB,] {YB,B,) = Tr [QyQn.QB,] <|g:(7^;^^) + • 
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Figure 17: Triangle contributions to the {'fZiZ^) vertex in the chiral phase. Notice that the 
first four contributions vanish because of the SM charge assignment. 

and they are pictured in Fig. [T71 The rotation matrices are defined as 



jyYYY 

tdWWW 

^-yZiZ^ ■ 

tdYWW 

^iZiZm - 

tdWYY 

^^ZiZ^ - 

r>B,YY 

^■yZiZ^ - 

T,BjYW 

^iZiZm - 

rjYB.B, 

^iZiZm - 

TjWB.B, 

^-yZiZm 

TjBjWW 

^iZiZm 



Z^YzJ^Yil 



[^O^zP^,.,^ .. 
V'^w-izPw-izS'wz^l 

V-^WZi'-^W-y'-^YZ^ + ^WZm^W'y'-^YZi + '-^W Zi'-^WZm'-^Y-y] 

{PkzPYz^ + 0^3^„0^^J0^, + 0^3,0^^„0^^J 

^ & ^ A ^ A ^ A ^ A ^ A 



^BjzPYZm'-^Y-y + OBjE^OyzPr-y 



- £>jZ:i r Z:m r -y ■ - njZ^rn r Z:i r -y 
Pb,zPb,Z,,, + OB^Z^OB^Zi)OY'y 



BjZi^W-iZr^)^Y-i 



,.. qA 
Bi Zi Bj Z 

\0izP 



%zPb,z„, + 0b^z^0b^Zi)0w.,-i 



'BjZywZrryw-t ^ ^BjZrryWZyw-y 






(177) 



while all the possible CS counterterms are listed in Fig. [18] and their explicit expression in the 
rotated basis is given by 

VcsM = E (- E ^^r^"y^''^^"(^2,. - A:3,.)<|lA^^rz;; 

3 



'^ nYYBjttn x,iua(i. r, N p'i^^^j AXy^iyv 



1,3 
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Figure 18: Chern-Simons counterterms of the ijZiZm) vertex. 

E'^ nWBiW'^n \f_,ya(i. t, \jDWBiWA\yfiyv 

i 



:i78) 



1 

where we have defined k^^a = —ka, with ka = {ki + k2)a the incoming momenta of the triangle. 
Using Eq. (11291) it is easy to write the expression of the amphtude for the {'jZiZm) interaction 
in the ruf = phase, and to separate the chiral components exactly as we have done for the 
{•yZZ) vertex. Again, the tensorial structure that we can factorize out is {LLL)^^'^{0) 

f I i 3 

+ E 9>-9B.jB,»r'«'<S + E 9hB.eY^-^ a;i£ + E 9?sb,^""™'<S } ■ 

i,0 i J ) 

(179) 

Also in this case we use Eq. (I122p and proceed from a symmetric distribution of the anomalies 
and absorb the equations the CS interactions so to obtain 



i f 

+ E 9y9B.gB, E (^V'""' I \K7vio) + K'vAio)] r''J:!:a>;z^zi 



«j 



+ E 9i9B. E C"^^^ A'AV(oX.fi:A,^^r^^ 



2 
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i f 

(180) 

At this point one can readily observe that a simple rearrangement of the summations over the 
i,j index leads us to factor out the structure VAV plus VVA since we have the same rotation 
matrices. Finally, in the ruf = phase we have 



(7^z^»^)U,=o = -J2l K'aV(O) + K'vaW 



A'.zj-z::, X 



E 9hB.or^i^IZ + i:3y9B.9B,e^'^'%!S: + glgBfiJ-^'^R^-^'^ 



'"iZi Zrr 

(181) 
If the CS terms are instead not absorbed we have 

(7Z,Z„)U^,=o = VcsM - J2 l^AXAim'Zj'Z'^ X 

/ 

S9Y9Bfif R^ZiZm + 2^9Y9B,9B,(^f i^^ZiZ^+929Bfif ti^iZiZ^ 

(182) 
which is equivalent to that obtained in (11811) . 

7.1 Amplitude in the m/ 7^ phase 

Once we have fixed the structure of the triangle in the vtij = phase, its extension to the 
massive case can be obtained using the relation 

{LLL){mj ^ 0) = - [AAvvirrif ^ 0) + AyAvimj ^ 0) + AwAimj ^ 0) + A^aa("^/ 7^ 0)] 

(183) 

and the expression of the vertex will be 

/ 

, ^^nWWW T3WWW I ^ 2nYWW -dYWW 
+92^ f ^iZiZ^ + 9Y92^f ti-tZiZ^ 
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+m) [{LRL) + {RRL) + ...]. (184) 

By imposing the following broken Ward identities on the tensor structure 

e [{^ZiZ^)^^^- + l^^'f ) = (185) 

we arrange all the mass terms into the coefficients Ai and A2 of the Rosenberg parametrization 
of (LLL)^'^" and we absorbe all the singular pieces. Since all the CS interactions act only on the 
massless part of the LLL structure, we are left with an expression which is similar to Eq. (11801) 
but with the addition of the triangle contributions coming from the Standard Model where the 
mass is contained only in the denominators. Organizing all the partial contributions we arrive 
at the final expression in which the structure VAV plus VVA is factorized out 



(7Z,Z^)U^.^o = - E ^ [K'Xvi^f ^ 0) + A'y^;;^{mf ^ 0) 

/ 

^n n'^nYWW tdYWW I „2 ^ nWYY jdWYY 
+9Y92^f R^ZiZ^+9Y92^f R^ZiZ^ 



A'.ZfZ"^ X 



«J «J 



+ 2^ 9y9b, 9b, ^f R^zi z^+ l^ 929 b, 9 b, ^j R^z^ 
+ 2^929Bfij K^z, 



;i86) 
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8 The {ZiZyy^Zr) vertex 



Moving to the more general trilinear vertex is rather straightforward. We can easily identify all 
the contributions coming from the interaction eigenstates basis to the {ZiZ^Zy). In the chiral 
limit these are 

^Tr [Ql] (YYY) = ^Tr [Q^ R^ZzAZiZ^Zr) + ... 

^Tr [QyTi] (YWW) = ^Tr [QyT^] Rl^^,^{Z,Z^Zr) + ... 

^Tr [QyTi] {WYW) = ^Tr [QyT^] R%Z,^{Z,Z,^Zr) + ... 

^Tr [QyTi] (WWY) = ^Tr [QyT^] RfJJ,^{Z,Z,^Zr) + ... 

iTr [Q.T|] iB.WW) ^ '-Tr [Q.TI] R^JJAZ^Z^Z.) + . . . 

'-Tr [Q.TI\ iWB.W) ^ '-Tr [QsM R^.^.M^Z^Z.) + . . . 

irr {Q^Tl\ {WWB,) = ^Tr [QnT^] Rl^fl{ZiZ^Zr) + ... 

'-Tr [Q^^Ql] (B.YY) ^ ^Tr [Q.^Q^] R^^AZ^Z^Z.) + . . . 

l^Tr [Qb.QI-] {YB,Y) = ^Tr [Qb.QI] R^'IzAZiZmZr) + ... 

'-Tr [Qb^QI] iYYB,) ^ '-Tr [Q^^Ql] R^£,AZ.Z^Z;, + • • ■ 

Tr [QyQB.QB,] {YB.Bk) = Tr [QyQB.QB,] RlXzAZiZmZr) + ... 
Tr [QyQB.QB,] (B.YBk) = Tr [QyQB.QB,] RzSfzAZiZmZr) + ... 
Tr [QyQB.Qs,] {BjB.Y) = Tr [QyQB.QB,] Rf^^f^AZiZmZr) + ... 
Tr [Qb.Qb,Qb,] {B,B,B,) = Tr [Qb.Qb,QbA\ RzlZtiZiZmZr) + ■■■ 



and are listed in Fig. [191 The rotation matrices, in this case, are defined as 

T3WWW _ \nn^ n^ n^ i 

^ZiZr^Zr — \_^^W-iZ{^WiZj^WiZr\ 

TjYWW _ l^A ^A f)A I ^A ^A ^A , f)A ^A f)A 1 

^ZlZ^Zr — y^Y Zi^W Zm^W Zr "•" ^YZm^WZ^WZr "•" ^YZr^WZyWZm\ 

-qWYY _ \^A ^A /-)A I ^A ^A ^A , ^A ^A f^A 1 

^ZiZ^Zr - V^WiZi^YZj^YZr + ^W-iZj^YZi^YZr + ^WzZr^Y Zi^YZ^\ 

jyBjYY _ ^A qA /^A I f^A qA /^A , ^A f^A qA 



YZi 



;i87) 
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Figure 19: Triangle contributions to the (ZiZ^Zr) vertex. As before, in the rrif = phase all 
the SM contributions vanish because of the charge assignment. 



Zl Zm Zr 



'^BjZiV-'YZm^WsZr ^ ^YZr^W-iZ^) ^ ^ BjZ^y^YZi^WzZr ^ ^WzZ^YZr) 

^^B.ZA^YZm^WsZ, + ^YZyWzZm 



j^BjBkY 

Zl Zra Zr 



j^BjBkW 

Zl Zm Zr 



iC>B,Zm'^BkZr + OBjZrOBkZm)'^YZi + (^'Bj Z, C'sfcZ, + OB^zPBkZr)'^YZ„ 

+ iC>B,zPBkZrr^ + '^BjZm'^BkZi)OYZr 

V^B^Z^^B^^Zr + '^BjzfiBkZ^jOy/iZi + K^b-z^Ob^Zi + O b^zP BkZjOy/zZ^ 



^PB^zfiBuZm + '^ BjZm^ BkZjOwzZr 



TjBjWW 

Zl Z-m Zr 



^B.Zi^W-iZj^WzZr 



n^ n^ n^ 

^B.zJ-'w-iZi^W-iZr 



+ n^ n^ n^ 

+ ^ B,Zr^Wi.zJ^W-iZi 



R 



Zl Zm Zr 



(^BjZ^^BfcZ, + OBjzfiBkZ^)OB,Zi + i'^B^Zr'^BkZi + O b^zP BkZr)^ B.Zr, 
+ iC>B^zPBkZ„, + C>B^Z^C>B^Zi)C>B,Zr 



'U 



Regarding the CS interactions (see Fig. (l20l) ). we observe that we have a CS term corresponding 
to the anomalous vertex of the type BiBjBk which is non-zero, and we can formally write this 
trilinear interaction as 



^CS,lmr 



gB.,gB,gB^an9ll^^Rll^^Z^Zi:^Z:; [k^ {e[ki, A, /i, z/] - e[k2, A, fi, u]) 
+Kj {e[k2, A, /i, u] - e[ks, A, /i, z/]) + k^ ie[ks, A, /i, u] - e[ki, A, /i, u])] 



;i89) 



-)Bi Bj Bk 



where for brevity we have defined Rfj^r = ^zl^z^zl^ ^^^ ^o o^- 
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Figure 20: Chern-Simons contributions to the (ZiZ^Zr) vertex 

The coefficients 9li^^ are the charge asymmetries, and the coefficients Kjj,fc, are real numbers 
that tell us how the anomaly will be distributed on the AAA triangles. Both are driven by 
the generalized Ward identities of the theory. In this generalized case the CS interactions are 
not all re-absorbed in the definition of the fermionic triangles. In fact in this case there is no 
symmetry in the diagram that forces a symmetric assignment of the anomaly, and the CS terms 
in the BiBjBk interaction can re-distribute the partial anomalies. In this case the expression 
of the BiBjBk vertex in the momentum space is given by 



V 



XfJ,!/ 



Xfii/ 



jOk 



^DB^B.Bk 9B,9B,gBk Aaaa("^/ = 0, h, k, 



+DB,B,Bk9B,9B,9Bk:^ 



~9~ 



-"'"''iKa 



^2m 



2kj 



£"'"^"(A;2,a-A;: 



y 



(190) 



We recall that in the treatment of YBjB^ and other similar triangles we still have two con- 
tributions for each triangle, due to the two orientations of the fermion number in the loop, so 
that our previous expression, obtained for the case of the YBB vertex, still holds. Also in this 
case we are allowed to absorb the CS interaction in the anomalous vertex. On the other hand, 
for the BiBjBf; vertex we have 



3AX(0, h, h) - ^e^'^'^ih,^ - k 



a; 



2,a) 



Y^^'""'{k2,a 



k 



3,qJ 



ye'^'^^lfcs.a 



ki. 



3A^r. 



1^(0, A;i,A;2) 



(191) 
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where we have used the notation A(mj = 0, ki, k2) = A(0, ki, ^2) and a^ = fi;*a„. Using these 
equations we can write the (ZiZmZr) triangle in the following way 



7U y 



2QBiWW r>BiWW 



(192) 

From this last result we can observe that the anomaly distribution on the last piece is, in general, 
not of the type A^'^^(O), i.e. symmetric. If we want to factorize out a A^'^^(O) triangle, we 
should think of this amplitude as a factorized A^'^^(O) contribution plus an external suitable 
CS interaction which is not re-absorbed and such that it changes the partial anomalies from 
the symmetric distribution A^'^^(O) to the non-symmetric one A^''^,^ (0). These two points 
of view are completely equivalent and give the same result. 

Finally, the analytic expression for each tensor contribution in the mj = phase is given 
below. The AVV vertex has been shown in Eq. fll35p while for VAV we have 

^v^Avi'^) = ^ dx dy—j— {e[ki, A,/i, v]{k2 ■ k2y{y - 1) - xyki ■ /ca) 

TT^ Jq Jo A(0) 

+e[k2, X, fi, iy]{k2 ■ k2y{y - 1) - xyki ■ /^a) 

+e[ki, k2, A, z/](A;fx(x — 1) — xykt^) 

+e[k,,k2,X,fimy{i-y)+xyk';)} , (193) 

where the denominator is defined as A(0) = kl{x — l)x + y{y — 1)A;| + 2xyki ■ k2. 
Then, for the VVA contribution we obtain 

1 /"^ rl-x -^ 

'^vvAi^) = ^ dx dy—-—{e[ki,X,fi,u]{ki-kix{l-x) + xyki-k2) 

T^ Jo Jo ^W 

+e[k2, X, fi, h']{ki ■ kix{l — x) + xyki ■ k2) 

+e[ki^ k2, X, z/](A;^x(x — 1) — xyki^) 

+e[ki,k2A,fAi.k''2y{l-y)+xyk'()] , (194) 

and finally the contribution for AAA is Aaaa(O) = l/3(A^v'y(0) + AyAy(O) + Ayv'^(O)) 
^AAAi^) = ^ dx dy^—r{e[ki,X,fi,u]{2y{y-l)kl-xyki-k2 + x{l-x)kl) 
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+e[k2, A, /i, z/] (2(1 — x)xk'l + xyki ■ k2 + y{y — l)kl) 
+e[ki, k2, A, z/](A;^x(a; — 1) — xy/cg) 
+e[/ci,/c2, A,/i](A;2t/(l-y) +a;t/A;n}. 



(195) 



9 The ruf ^ phase of the {ZiZ^Z^) triangle 

To obtain the contribution in the m/ 7^ phase we must include again all the contributions 
(YYY) and (YWW) coming from the SM. Since the final tensor structure of the triangle is 
driven by the STI's, we start by assuming the following symmetric distribution of the anomalies 
on the ^AAA triangle 

e^^\^XAi^f ^ 0, A;i, k2) = ^e^'-'^ki^k^p + 2mf^A^'' 
kl^A'/Urrif + 0, A;i, k^) = -'^e^^^^k.^k^p - 2mf^-A^^ 



k^A^Ai^f + 0, A;i, k2) = Y^^'"'^kiak2(, + 2mf^A^'' 



.A A V*^ 



(196) 



where 



A 



'^ - -^e'^''%^k2, 



1 rl-x 



JO 



dxdy 



A(m/)- 



(197) 



These relations define the AAA structure in the massive case. The explicit form of this 
triangle is given by 



A\7Amf ^ 0) = ^J^ dx 1^ dy^^{ 



e[ki,\,fj,,u] 



+£[A;2,A,/i, z/] 



A{mf) — mj 

3 
' A{mf) — m'j 



+ h ■ k2y{y 



xyki ■ k2 



ki • kix{x — 1) + xyki ■ ^2 



+e[ki, k2, A, h']{k'^x{x — 1) — xyk^) 
+e[ki,k2,\ ij\{.k2y{l - y) + xyk^)} , 



:i98) 



where A{mf) = irii + {y — l)yk2 + {x — l)xkl — 2xyki ■ k2. 
Then, the final expression in the rrif 7^ phase is 

{z,z^z^)U^.^, = -z^z^z:: X J2^ALimf ^o)J2 [d'yOV^ RZIz. + Q^er^^R 



3qWWW oWWW 

2 / Zi Zm Zr 
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Figure 21: STI for the Zi vertex in a trilinear anomalous vertex with several f/(l)'s. The CS 
counterterm is not absorbed and redistributes the anomaly according to the specific model. 

+9Y92^f ^ZiZ^Zr + 9Y92^f ^Z.Z^Zr 

+ 9Y9B,t^f KziZmZr+3Y929Bfif ^ZiZmZr 

, V^ r,BiBiY j-,YBiBk , S~^ r^BiB^W r-,B,BkW 

+ Y.3y9B.9B,ef ^ RzJJ^ + }_^g29B,9B,0/ ' RzUU 



-yBiBiBf,. T^BiBjBf^ 



+9B,9lOf^^Rf^^Zr + ^9B,9B,9BkG/ ' "Rz.z^Zr 



+ Vc 



CS 



The diagrammatic structure of the STI for this general vertex is shown in Fig. 
an irreducible CS vertex (the second contribution in the bracket) is now present. 



(199) 
where 



10 Discussions 

The possibility of detecting anomalous gauge interactions at the LHC remains an interesting 
avenue that requires further analysis. The topic is clearly very interesting and may be a way to 
shed light on physics beyond the SM in a rather simple framework, though, at a hadron collider 
these studies are naturally classified as difficult ones. There are some points, however, that 
need clarification when anomalous contributions are taken into account. The first concerns the 
real mechanism of cancellation of the anomalies, if it is not realized by a charge assignment, and 
in particular whether it is of GS or of WZ type. In the two cases the high energy behaviour of 
a certain class of processes is rather different, and the WZ theory, which induces an axion-like 
particle in the spectrum, is in practice an effective theory with a unitarity bound, which has 
now been quantified [20]. The second point concerns the size of these anomalous interactions 
compared against the QCD background, which needs to be determined to next-to-next-to- 
leading-order (NNLO) in the strong coupling, at least for those processes involving anomalous 
gluon interactions with the extra Z'. These points are under investigations and we hope to 
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return with some quantitative predictions in the near future. 

11 Conclusions 

In this work we have analyzed those trihnear gauge interactions that appear in the context 
of anomalous abelian extensions of the SM with several extra f/(l)'s. We have discussed the 
defining conditions on the effective action, starting from the Stiickelberg phase of this model, 
down to the electroweak phase, where Higgs-axion mixing takes place. In particular, we have 
shown that it is possible to simplify the study of the model in a suitable gauge, where the Higgs- 
axion mixing is removed from the effective action. The theory is conveniently defined, after 
electroweak symmetry breaking, by a set of generalized Ward identities and the counterterms 
can be fixed in any of the two phases. We have also derived the expressions of these vertices 
using the equivalence of the effective action in the interaction and in the mass eigenstate basis, 
and used this result to formulate general rules for the computation of the vertices which allow 
to simplify this construction. Using the various anomalous models that have been constructed 
in the previous literature in the last decade or so, it is now possible to explicitly proceed with 
a more direct phenomenological analysis of these theories, which remain an interesting avenue 
for future experimental searches of anomalous gauge interactions at the LHC. 
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12 Appendix. Gauge variations 

In this and in the following appendices we fill in the steps that take to the construction of the 
Faddeev-Popov lagrangean of the model. 

To define the ghost lagrangean we need to compute the gauge variations. Therefore let's 
consider the variation 



5Wl = d^a^ - g2e^''W'^a,, SY^ = d^dy, SB^ = 8^63, 



(200) 



where the parameters have been rotated as the corresponding fields using the same matrix Oa 

e^ = otia^ + ot^ey, 



Oz' = oias + oi^ey + oi^eB. 



In the neutral sector we obtain the variations 



6A^„, = 0^,6W'^+Ot2^^^ 



n/i 



d,e, + t Ot, 92 {a-W+ - a+W^) , 



SZ„ 



Oi 5Wl + 0^2 5Y, + 04 5B, 
d.Oz + I Oi 92 {a-W+ - a+W~) , 



(201) 
(202) 
(203) 



(204) 



(205) 



SZ' 



Oi ^Wl + 03^2 ^y, + Oi 6B, 



a 



W-) 



= d,ez> + ioig2{a~w;: 

and for the charged fields we obtain 

8W^ = ^^a^T^92W^{OtA + OA0z + Oi,9z') 
± tg2{0t,A,^ + 0^,Z^ + 0iZl)a^. 

After a lengthy computation we obtain 



6H:. 



■ 92 H 

V2 



"A 



{920t, + 9YOt2 + 9Bq^0t^) 



az 



+ -f {92OA + 9y0^2 + gnq^O^,) 



+ 



az 



- {920i + gyOi + QBq^Ot^ 



Ht - ^f [K^ + tHl,) a 



(206) 



(207) 



(208) 



59 



and using the expressions for iJ+, H'^^, H^j derived in [7| we obtain 



oHZ = —i—;=Vua — I 
az 



L 2 



{g20t, + gyOt^ + gsq^O^,) 



+ -f {920^1 + 9y0^2 + 9Bq:0i) 



+ 



2 

■ 92 



{920ti+9YOt2 + 9BquOt:^ 
(sin ahP — cos a if '^) 



(sin/3G+-cos/3ii^ 



+ n^iiX 



^12*^2 ~ C'laCl ^Z , ^^^12^2 + O^gCi 2 



C1C2 — C;^C2 



^G 



C1C2 — C1C2 



G' 



a 



(209) 



Similarly, for the field if t we get 



5m 



■92 + ■ 

—t—;=Vda — t 

V2 



OiA 



{920t,+9YOt2 + 9Bq^Oi) 



+ 



dz 

T 

az 



+ -f {920i + ^y02^2 + 9Bq!0i) 



- (^203^1 + gyO^, + ^^gf 03^,) 



(cos /3G+ + sin /5ii^ 



2 — [(cos ah^ + sin a H^) 



+ , ( QX^^ ^ Q224 Q23C; ^Z ^ Q22C2 + 02^3^1 ^Z' 



CiC'2 - c'iC2 



CiC'2 - C[C2 



a 



(210) 



Using the relations obtained for the charged Higgs in [7] we get for the charged goldstones 



5G+ 
6G- 



sin 136 H^ + cos i36H^ 
sin PSH~ + cos [35 H'^ . 



(211) 



In the Higgs sector we have 



5Hli = -y (a~(sin/3G+ - cos/3H+) + a^{sm(3G~ - cos/3H-)) 

+ ^ [{920^1 - 9y0^2 - 9BqlO^,) az 

+ {920i-gY0^2-9Bql0^^az^ 

+ [ (^202^1 - gyO^^ - 9BquO^^) az 



{920i - gyOi - gequOis) az] 



fsina/i° — cos aii°) 



(212) 



60 



and 



SH^j = -^ {a-{cosPG- + sinpH^) + a+(cos/3G'" + sin/3if-)) 

+ ^ [(^^O^^i - gyOi - ^^gf 0^1,) az 

+ (^203^1 - gyOi^ - (7ijgf 03^3) az'] 
+ [ (^20^1 - gyO^^ - gBQdO^) az 

/ ^A ^A Ft^A\ 1 (cos ah^ + sin aH^) 
+ (^20,4 - gyOi, - (?Bgf 03^,) az'] ^ ^, 



(213) 
while for the neutral goldstones we have 

6Gl = 0^,6H'^j + 0^,6H',j + Ol6b, (214) 

6Gl = Ol5Hl, + Ol,5Hl + Ol5h. (215) 

Finally, we determine the variations of the two goldstones 

5G^ = ci^G? + C2(5G°, (216) 

SG^' = c'l^G? + c'2(5G°, (217) 

and the gauge variation of the Stiickelberg b in the base of the mass eigenstates 

Sb = -MiOb 

= -M^{0iez + 0iez'). (218) 

13 Appendix: The FP lagrangean 

This is explicitly given by 

^"^ 59 z 59 z' 59^ 59+ 59^ 

59z 59z> 59^ 59+ 59. 

— C^ ^r-: C — C^ —— C — C'— — C^ — C^ —rr: C^ — C^ ^ 



59z 59z> 59^ 59+ 59. 

-c^ - c + — - — c^ - c + — - — c^ - c + — - — c+ - c 



59z 59z> 59^ 59+ 59. 

_5T^' z _.5J^^' z' ..5J^^~ ^___5J^^' + __5J^^' 



(219) 
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where we have computed 
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6Z^ 



59z '59z 



izM, 



5G^ 






d^- 



(220) 
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6ez 



+ 0. 



22 



o 



5h_ 



5Ht 
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'z ooz 

33 xo 



(221) 
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SOz 

mi 
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W2^ 2 

Vd (cos ah^ + sin aH^) 

7!^ 2 



Jui 
fd, 



(222) 
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B r^A 



fu,d = 920^^ - gyO^^ - 9BqZ,d0^z 



5h 
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SOz' 
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69z' 



+ C2- 



56-° 
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m^. 



' -cii 0^,-^ + 0^,-^ + 0'' 



S9z' 
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+C2(0^,^ + 0.\^ + 0^ 



6b 
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6ez' 



'23" 



33" 



(225) 



(226) 



6ez' 



Vu (sin ahf^ — cos aH'^) 
V2^ 2 

Vd (cos a/i° + sin aH^) 
[72^ 2 
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fu,d = 920t, - gyOf, - gsquAOts; 
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6Zf' 
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6Z^' 
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6Z^ 
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6Z^ 
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(231) 
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+MO-/-^ + 0-.J-^ + Ol^]- (232) 



^+ 



— ^ = -^(sin/?G--cos/3iJ-); (233) 



^^ - - — {cosPG- + sm(3H~); (234) 

0. (235) 



69+ 2 

6b 



69 



^-^f-^^-^I^^ f--«^--^ 



= ci — ^ + Co — ^ = ci O^o — ^ + 0?, — — + 0$, 

69- 69. 69. \ ^^69^ ^^69^ ^^69^ 



^-(^■'^-"^'f'-O"^)^ '^^^' 



-jf- = -|(sin/3G+-cos/3if+); (238) 

SH',r 92 



69. 2 

(56 



69. 
For the gauge boson Z' we obtain 



-^(cos/3G+ + sin/3if+); (239) 

0. (240) 



6J'^' ^ 6Z'f' , ,, (5G^' (5Z''' ^ ,^,^, 

7^ -^^7^-^-^-^^ 7^-°^ ^2^^) 



5G^' _ ^, 5G? , ^, 6Gl _ ^, (^^ 6Hlj , ^, 5/7°, , ^, 6b 






5^^ ""i(5^z ^2(5^z " n ''(5^z ^'69, ^^''69 



<o,^.o,^-^.o,^). 
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5J^^' _ ^ 5Z'^ . ^^ ^G^' ^Z''^ _ ^ 5G^' _ ^ 



^G^' , ^G? , 5G° 5J^^' ^ ^Z''' ^ , ^ 5G^' 

66 



^Z'^ ■ r^A,,r+u ^G^' >^G\ ,5Gl 



Tz 



59^ ^ 59^ ' 50 

For W'^ in the FP lagrangean we have the contributions 
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(243) 



(244) 



?-^^w-^-^^'£^ I^--^3>"^^ ^^^^) 



c'lTTT^ + ^TTT^; ^7^ = ^.T7^-ez'Mz,-— ; (246) 



(247) 



,,, -«.^; ^-o- P«) 



= d —^- —^ = ('249) 

69z^ '^'59zr 69 z^ ^^ ^ ^^ 









^^^' a„^; ^^...0^.H.-. ,252) 






59. '' 597, 59y, '^ 59, 



1 



^^^ -^/3'r(sin/?G+ - cos/5if+); ^ = -'-fZi^os^G^ + sin/3i7^ 



59+ 

65 



(254) 



— ^ = - /,^(sin/3G+ - COS/3/7+); (255) 

59z 2 

-T^ = -:^/2^(cos/5G+ + sin/3iJ+); (256) 

59z 2 

/2T,d = 920i + gyO^, + QBqLoi. (257) 



^jrw+t" 5W+^' 5G+ 

ot'2' 59 z' 59 z' 59 z I 

'-fZisinPG^- cos (3H^y, ^ = -^. 



(260) 
fZ4 = 920i + gyOi + ^Bgf .Ogi. (261) 






(264) 
A^,. = ^20i\ + gyOt, + ^Bgf.0^3. (265) 



5W+^' 



d" + tg2{0tiA^; + 02^1^^ + Of.Z"'); (266) 
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C1C2 — C,C2 ' -I J 
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For W we get 



bW^^ ^ 5G+ . JH+ JH+ 
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66^ ' 



5^_ 
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-f^{cos f3G+ + sin (3 H+). 
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^ = ^/r(cos/?G+ + sin/?iJ^ 
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